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EDITORIAL 


BAYRAM SAHIN 


Dear Readers, 


With this new issue, the International Journal of Maps in Mathematics has pub- 
lished its first issue in its 5th year. It is important for a scientific journal to complete 5 
years. It proves that this journal is recognized by the scientific community and shows that it 
is an accepted platform for researchers working on the scope of the journal. We would like 
to thank our readers, editors, referees, technical assistants and you, our readers, who have 
contributed significantly to our journal’s fifth year. The International Journal of Maps 
in Mathematics will continue to be a qualified platform for researchers in the research 


areas of the journal. 
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THE APPROXIMATION OF BIVARIATE GENERALIZED 
BERNSTEIN-DURRMEYER TYPE GBS OPERATORS 


ECEM acaR|®]- AND AYDIN izci © | 


ABSTRACT. In the present paper, we introduce the generalized Bernstein-Durrmeyer type 
operators and obtain some approximation properties of these operators studied in the space 
of continuous functions of two variables on a compact set. The rate of convergence of these 
operators are given by using the modulus of continuity. The order of approximation using 
Lipschitz function and Peetre’s K- functional are given. Further, we introduce Bernstein- 
Durrmeyer type GBS (Generalized Boolean Sum) operator by means of Bégel continuous 
functions which is more extensive than the space of continuous functions. We obtain the 
degree of approximation for these operators by using the mixed modulus of smoothness and 
mixed K-functional. Finally, we show comparisons by some illustrative graphics in Maple 
for the convergence of the operators to some functions. 

Keywords: Bernstein-Durrmeyer operators, Modulus of continuity, Peetre’s K- functional, 
GBS operators, B-continuous function, B-differentiable function, Mixed modulus of smooth- 
ness, Mixed K-functional. 


2010 Mathematics Subject Classification: 41A10, 41A25, 41A36, 41A63. 


1. INTRODUCTION 


Let f(x) be a function defined on the closed interval [0, 1] the expression 


Byf(2) = Br(fi2) = a (=) ({)sta-a4 (1.1) 
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is called Bernstein polynomial of order n of the function f(z). The polynomials B,,f (x) 
were introduced by S. Bernstein (see [5]) to give an especially simple proof of Weierstrass 
approximation theorem. The generalizations of Bernstein polynomials were investigated 
in [15]- [12]. In 1988, the function of two real variables function f be given over the unit 


square 
s: [0,1] x [0, 1] 


then the bivariate Bernstein polynomial of degree (n,m), corresponding to the function f, is 


defined by means of the formula 


$225. ans y i (=. Z) @ @ ok 2)*ys(a—y)"F. (1.2) 


There are many investigations devoted to the problem of approximating continuous func- 
tions by classical Bernstein polynomials, as well as by two-dimensional Bernstein polynomials 
and their generalizations. 

In 1967, Durrmeyer introduced the following positive linear operators of the classical 
Bernstein operators, which modify with each function f integrable on the interval [0,1] the 


polynomial 
n 1 
Mn(f(a)) = (2 +1) pna(s) | pne(t)f (td, 
k=0 0 


which pp p(x) = (4) (2) a*(1—2)"-*. D. C. Morales and V. Gupta [9] studied two families of 
Bernstein-Durrmeyer type operators. The Baskakov Durrmeyer operators were introduced 
in 1985 and many properties of such operators were studied comprehensively. Gupta 
presented the approximation properties of these operators. In 2007 local approximation 
properties of a variant of the Bernstein-Durrmeyer operators were given. 

In this paper, firstly we introduce bivariate generalized Bernstein-Durrmeyer operators. 
We investigate the properties of approximation of generalized Bernstein-Durrmeyer polyno- 
mials and the order of approximation using Lipschitz function and Peetre’s K- functional. 
Then, we define the Generalized Boolean Sum (GBS) operators of generalized Bernstein- 


Durrmeyer type and study the degree of approximation in terms of the mixed modulus of 


smoothness. 
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2. CONSTRUCTION OF THE BIVARIATE GENERALIZED BERNSTEIN-DURRMEYER TYPE 


OPERATORS 


Let D = [-1,1] x [-1,1], (x,y) € D, n,m € N and f defined on the interval C(D). We 


define the linear positive operators Dn m(f;x,y) in the following way: 


Drm( £29) = med Sethian ff obda(tw f(tpu)dtdu (2.3) 


k=0 j=0 
where 
kj k a] 
non(Zs¥) = Pn(Z)Pm(y) 
and 


x (;) (+2)F(1— 2)". 


Lemma 2.1. For V(z,y) € D and Vn,m € N, Bernstein-Durrmeyer operators satisfy 


yk (a) = 


the following equalities: 


Dr galley) =1 (2.4) 
22 
Dearne (te, Y) = t— n+2 
2 
Dri gen (U3 x Wat=— 5 
6n + 6)a? — 4nx 2 —2n 
- 4 usa, y) <2? ( + 
nS) 2 ee a\at3) | (+n +3) (2.5) 
9 (6m+6)y? — 4m 2—2m 
(m+ 2)(m+ > (m + 2)(m + 3) 
12n? + 24n + 24 6n? + 6n 
Dam(t? +; 2,y) =2° x 4 r 
rom(t" + Urs 2, y) =a (n+ 2)(n+3)(n +4) (n +2)(n +3)(n +4) 
“ 12n + 48 4 12m?+24m+24 
(n+2)(n+3)(n+4) 7% (m+2)(m+3)\(m+4)" 
6m? + 6m 12m + 48 
“(m+ 2)(m+3)im4+4)" (m+2)(m+3\(m+4) 
20n° om 12 12n3 — 16n? +4 
De tear On” + 60n* + 160n + 120 a4 n 6n* + 4n 
(n + 2)(n + 3)(n+ 4)(n +5) (n + 2)(n + 3)(n+4)(n+ 5) 
—4n* — 16n?+32n 4 20m* + 60m* + 160m +120 4 
(n+2)(n+3)\(n+4)(n+5) 9 (m+2)\(m+3)(m+4)(m+5)” 
12m? — 16m? + 4m 5 —4m3 — 16m? + 32m 


(nent aia+aonee) * Geis ne oon) 
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From Lemma [2.1] we obtained the following lemma. 


Lemma 2.2. If the operator Dnm is defined by (2.4), then for V(z,y) € D andn,meN 
(—2n + 6)z? + dna +2—2n 


D, t—2)?;2,y) = 2.6 
—2m + 6)y? + 4my + 2 — 2m 
D —y)?; = a7 
nym((u — ¥)"3 2, Y) (mm +2) +3) (2.7) 
72n3 + 852n? + 1916n + 1680 4 24n : 


Da ((t ~~ ee v, y) = 


(n+ 2in+3)n+4(n+5)” | +2A(n+3)” 
_—24n? — 272n? — 830n + 840 5 | —4n® — 64n? — 464n — 960 


T i x 
(n+ 2)(n+3)(n + 4)(n + 5) (n+ 2)(n + 3)(n + 4)(n + 5) 
2 2 
Daml(u—y)4sar, y) <2 + 852m? + 1916 + 1680, 24m ie 
art (m + 2)(m + 3)(m + 4)(m +5) (m + 2)(m + 3) 
—24m? — 272m? — 830m +840 , —4m — 64m? — 464m — 960 


y 4 


(m + 2)(m + 3)(m + 4)(m +5) (m+2)(m+3)(m+4)(m+5)"" 


Let C(D) is a continuous functions space on the D = [—1,1] x [—1,1]. C(D) is a linear 


normed space with the norm 


IIfllew) = f(x, y)]- 


max 
x€[—1,1]x[-1,]] 


If frm is a sequence on the space C(D), for f € C(D) 


lim baw _ i | = 0, 


n,m— 


then it is called uniformly convergence to the function f. 


Lemma 2.3. Letn €N, for every fixed xo € [—1,1], there exists a positive constant M(x) 
such that Dnin ((t — xo)" ; 0,9) < My(ao0)n-?. 
Theorem 2.1. If Tym 1s a sequence of linear positive operators satisfying the conditions 


lim: ||Zam(liesy)— 1 Ox =0, 


n,m—oo 


lim |[Tnm((t — ©); @, y) — Zlhocx) =9; 


lim \|Tnym((u — y)5 #4) — Yllocxy =9; 


lim [[Tan(? +.032,9) — (+9 Dla =O, 


n,m—oo 


then for any function f € C(X), which is bounded in R? and X is a compact set, 


n,m—oo 
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In the following theorem we show that the linear positive operator D,m convergences to 


f uniformly with the help of Theorem |2.1|given by Volkov [18]. 


Theorem 2.2. Let f € C(D), the operators Dpm defined by converge uniformly to f 


on D C R? as n,m — oo. 


Proof. From (2.4)-(2.5), we obtain 
lim |Pnm(1; 2, y) = C(D) =0, 
lim |Dnm((E —_ £);2,Y) —& C D) =0, 


lim ||Dnm((u— y);2,¥) — yllew =9: 


n,m—oo 


lim ||Dnm(t? + v9; 2,y) — (2? +P )llo@y =0- 


n,m—oo 


The proof is obvious from Volkov’s Theorem. 


2.1. Degree of Approximation by Dy m. 


Definition 2.1. Let f € C(D) be a continuous function and 6 a positive number. 


x,y €D, the full continuity modulus of the function f(x,y) is 


w(f;5) = max lf (x1, 41) — f(z2, y2)| 
J (1-22)? +(y1—y2)?2 <5 


and its partial continuity moduli with respect to x and y are defined by 


Df: 5) = = 
RADON SAE de tee) (as 0)| 


(2) f.§) = _ 
EO Eg a la al) Te 


It is also known that lims_,9w(f;6) = 0 and w(f;Ad) < (A+ 1)w(f;6) for any A > 0. 


same properties are satisfied by partial continuity moduli. 


Theorem 2.3. Let f € C(D), the following inequalities hold: 


1 1 
Dam(fi2,9) — flea <3 Ce (4: =) + wy?) (4 =)) 


m 


1 
\|Dnm(fs ey) — fllew) < 3w ( : . ae x) ; 


For 


The 


(2.8) 


(2.9) 
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Proof. From (2.3)-(2.4) and using the properties of the modulus of continuity we 


obtain 


IDam(f32,y) — f(a@,y)| <lDam(f(t, vw) — f(y)3 2,9) + |Dnm(f(ty) — flay); 2,9) 


<Dnm (F(t) — F(t, 9) + Drm (IF (ty) — Fle, 9) 


n 


1 
cal (iba) 114 FEES ohte fal eka] 


k=0 


1 it. = 1 ; 
+) (fs bm) 1+ oy) flu vl eh (udu 
Im 2 4 


where dn, dm are the sequences which tend to zero as n,m — oo. Applying the Cauchy- 


Schwartz inequality we obtain 


<w" (f; bn) + -s . 5 gk (a) ([« bs o)ph(Oat) _ (/. h(t) . 
+) (f; 5m) f + rata Se (f (u— Pel lu)au) . (f ruin) . 


Hence we get 


k=0 
1 or (pee ve 1 1/2 
w?) m = u—y)* u)dadu 
+ (fs) § 14 [35-400] ([ u- wre tuau) 
=w!" (Fidn) {1+ 5 (Dalle = 2)%2,4))" + (F58m) {14 5 (aml )%ieu))"? 


From and (2.7), we obtain (2.8). Using (2.3), and letting 


5 = Vt= a) + (uP 


we have 


16.0) ~ He] <0 Fbog) (EAE ECE 4 1) 
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Hence, we obtain 


IDrym(f32,y) — f(z, y)| SDam(l fw) — f(z, y)ls2,y) 
1 


2G hind . + 


Onm 


<u (Fibam) 4 1+ OEE ES 50 sew) 


k=0 j=0 


[. [W Ga) _ (ts u)dedu} 


applying the Cauchy-Schwartz inequality, we obtain 


Daal fi 9) — F(@,0)] Se (F55nm) § 1+ 2 [P*LM*L SY Y% gh (x,y) 


é 
man k=0 j=0 


[. [. ((t—2)? + (u-y) ar i (, udu) - 


w (Fi Bam) {1b 


Onin 


With (2.6) and (2.7) we get desired result (2.9). 


Now, we give the order of approximation using Lipschitz function and Peetre’s K- func- 


(Dam ((t— 2)? + (u- Ping. 


tional. 
Corollary 2.1. If f additionally satisfies a Lipschitz condition 


lf(21, 91) — f(@2, y2)| < K (21 — 22)? +(y1- pyr <a<l 


then the inequality 
PY gil 1 a/2 
IPanl(fiz,y)-f(eyl<k(-+—) , 


nom 
where K' = 3K. 


Corollary 2.2. If f additionally satisfies a Lipschitz condition 


\f(e1,y) — f(x2,y)| < Kia [a1 — a9|°/? 
and 
|f(a,91) — f(x, y2)| < Ke lyn — yol? 


then the inequality 


1 a/2 1 a/2 
Pan(fierw) — few < Ki (2) al ) | 


where Ki = 3k,, K5 = 3K holds. 
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Let C?(D) be the space o 
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The norm on the space C?( 


Definition 2.2. Let f € C( 


K(f; 6) = 


f all functions f € C(D) such that a fof € C(D) for i = 1,2. 
) is defined as 
di Cad 
Flexo) = Milew + (54I + [ZS]. 
i. a: y Ox" Nop) NY llcw 
). The Peetre’s K-functional is defined by 
pcikfy {IF = allow) +6 slice) + 6 > OF. (2.10) 


Theorem 2.4. For the function f € C( 


Deven 


where Onm(xz,y) = max ( 


2 
n+2? m+2 


), we get 


(f32,y) — f(z, y)| < 2K (f56nm(2,y)) 5 


). 


2 


Proof. 


Let g € C*( 


) and t,s € [—1,1]. If we use Taylor’s theorem at point (2, y) 


for the function g(t, s), we get 


dg(@, 


Ox 
i s 
y 


From Lemmal2.1| we have Drm (t — £32, y) = 


g(t, 8) — g(a, y) = 


g(x, v) 


—v) 
ee 


) . 
— 25 ve Drm (u—y;2,y) = =—— Applying 


the operator Dy on the above equation, we obtain 


Damm (9525) ~ 92,3) == 96+ Dam ( f (eu von ae) 
ab gav + Dam ( f s—v) a auisy). 
Hence, 
[Drm (932,y) — 9(2,y)| 
te + ay + Drm ( Peal? HD) a wu) 
+ Dam ( Pe oi| 859 dv sau) 
oe wy +5 — eae ((t — x) ;2,y)| 
; Aas Y [Dam ((u — y)?; 2, y)| 
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Using norm for Vz, y € (D), we get 


2 2 
||Dnym (932, 4) — 9(z, Wllow) ie II9ellowy + ae) II9ullow) 


+z 


1 1 
< max (5: 1) (lIvellow) ar IIgullow) 


atl d°9 
C(D) 


if Since Dy m is a linear operator and for V f € C(D), g € 


— I... 


+ (53 Ox? Io 


<Onm ies 


where Onm = max ( 2 2 


n+2? m+2 
C?(D), we have 


||Dnm (f5 2,4) — F(@, W)lle@y £lPrm (Ff - 952, Yew) 
+ ||Dnm (95 2,4) — (2, lle) + Ilf - glle@) 
< lf — glle@) |Pam 52, y)| 
+ ||Dnm (95 2,4) — 92, lle) + Ilf - alle@) 
Hence 


||Dnm (f5 2, y) — fe Wlew) <2 (lly _ llc) + dnym lallce@y) 


Taking the infimum on the right hand side, we get 
[Drm (f32,y) — f(x, y)| < 2K (fF; bnym(2, y)) - 


3. CONSTRUCTION OF GBS OPERATOR OF GENERALIZED BERNSTEIN-DURRMEYER TYPE 


In 1934, Bégel introduced the term B-continuous and B-differentiable function and es- 
tablished important result for these functions [6]-[7]. In 1966, Dobrescu and Matei 
gave some approximation properties for bivariate Bernstein polynomials using a generalized 
boolean sum. The Test function theorem is given by Badea et al. [4] for Bogel continuous 
functions. Sidharth et al. introduced GBS operators of Bernstein—Schurer—Kantorovich type 
and studied the degree of approximation by means of the mixed modulus of smoothness and 
the mixed Peetre’s K -functional in [17]. 

In this section, we introduce Bernstein-Durrmeyer type GBS (Generalized Boolean Sum) 


operator by means of Bégel continuous functions which is more extensive than the space 
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of continuous functions. The degree of approximation for Bernstein-Durrmeyer type GBS 
operators are obtained by using the mixed modulus of smoothness and mixed K-functional. 
Let X and Y be a compact real intervals and let A(z.) f [vo, yo; x,y] be mixed difference 


of f defined by 


A(c,y)f [®0, yo; 2, y] = f(x,y) — F(x, yo) — (xo, ¥) + fo, yo) 


for (x,y), (0, yo) € X x Y. A function f : X x Y — R is called B-continuous (Boégel 


continuous) at (xo, yo) € X x Y, if 


lim Ava Xo, Yo; x,y] =O 
(oa) eooan) eat 0: ¥05 28 


for (x,y) € X x Y. Let the function f : X x Y > R if there exist M > 0 such that 


|Avcyyf [z0, yo; x, y|| < M 


for every (z,y),(20,yo) € X x Y, then the function f is defined by B-bounded (Bégel 
bounded) on X x Y. 

Throughout this paper B,(X x Y) denotes all B-bounded functions on X x Y and C,(X x 
Y) denotes B-continuous functions on X x Y. As usual B(X x Y) and C(X x Y) predicate 
the space of all bounded functions and the space of all continuous functions on X x Y. 


The mixed modulus of smoothness of f € Cy(X x Y) is defined by 


Wmized (f; 61, 62) = sup {|Aay f [zo, yo; x, y]| : | — zol < 61, |y — yo| < 52} (3.11) 


for (x,y), (o, yo) € X XY and for any (61, 62) € (0,00) x (0, 00) with Wmizea : [0,00) x[0, 00) > 
R. 

In 1988-90’s, Badea obtained the basic properties of the mixed modulus of smoothness 
Wmired aud these properties are similar to usual modulus of continuity. Also; the mixed 


modulus of smoothness provide the next inequality for 61,62 > 0 
Wmived (f3 A161, A202) < (1 + A1)(1 + A2)Wmixed (fF; 61, 62) - (3.12) 


Let give the concept of Bégel differentiable function. A function f : X x Y C R? > Ris 
called B-differentiable function at the point (xo, yo) € X x Y if the limit 


F Aiea f [zo, Yo; 2, y| 
1m 
(x,y)+(#0,y0) (& — £0)(¥ — Yo) 


exists and is finite. The limit is call to be the B-differential of f at the point (xo, yo) and 
is denoted by Try f(xo, yo) := Ta(f; x0, yo). The space of all B-differentiable functions is 
denoted by Tp(X x Y). 
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Let f € C,(D), the mixed K-functional definition is given by 


Komaved (F541, 42) = int {If gn — g2- hill,  |[73°m| + tr ||T3?99|| 
91,92,h ore ore 


sal) 


where g1 € ey gz € a. he Ore and for 0 < p,q < 2 Ce denotes the space of the 


functions f € C,(D) with continuous mixed partial derivates jie 7, 0ne@ {py 0=< F< @. 


The partial derivates are 


Axf ([z0, 2] ; yo) 


Tf (20, Yo) := Ts (320, yo) = lim 


ry (@— 9) 
and 
Tyf (xo, yo) := Tz (F320; Yo) = im Av Cao aa) 
where 
Acf ([0, 2]; 40) = f(x, yo) — f (£0, yo) 
and 


Ayf (xo; [yo, ¥]) = f(®0, y) — f (0, yo): 


Definition 3.1. For f € C(D) andm,n €N, we define the Generalized Boolean Sum (GBS) 


operator of generalized Bernstein-Durrmeyer type operator Dnm as follows: 


n m 


1 1 : iL 1 : 
Sam (Fh situ) =F "FY oa) ff abhaltam 


k=0 j=0 


x (f(t,y) + fle, s) — Fé, 8)) dtdu, 


(3.13) 


for (x,y) € D where the operator Sym is well defined on the space C,(D) and f € C,(D). 


3.1. Degree of Approximation by S;,m. 


Theorem 3.1. For every f € C,(D), the operator satisfy the following inequality at 


each point (x,y) € D 


Sam (f;2,y) — f(2,y)| < 9wmined (V; qa m-¥/?) 
Proof. Using the definition of Wired (f; 61, 62) and for 61,62 > 0 taking the inequality 


Wmized (f; A161, A2d2) < (1 + A1)(1 + A2)Wmized (F; 61, 52) 


INT. J. MAPS MATH. (2022) 5(1):2-20 /BIVARIATE GENERALIZED BERNSTEIN-DURRMEYER TYPE... 13 
we can write 
[Ateaae [é, 5,2, y)| <SWmized ee l¢ _ z\, Is _ y|) 


< ie 148-9 Wmaizxed (f3 51, 52) 
61 d2 


(3.14) 


for every (z,y),(t,s) € D and for any (61,62) > 0. From the definition of Ac, 4) f |t, 5; 2, yl, 


we have 
f(z, s) a f(t,y) = f(t, s) = f(x,y) _ A (ey) F [t, 5,0, y| . (3.15) 
If we apply this equality the operator D,,m and take the definition S;,,, we can write 
Snel FO) =f Din C29) = Den Aen been): 


From (2.4), we have Dnm (1;2,y) = 1. Taking (3.14) into account and applying Cauchy- 


Schwarz inequality, we obtain 


\Snmil fy) —Fy)| <Dim Agel baal iey) 


< (Dam (1: zr, y) =F br 4 Digs ((t = oe xz, y) 


+87 '\/Dnm ((8 = 9)?s 2,9) 


+ 5 8p1 yD (t= 2)%,4) Dam ((8 = 90) 


XWmixed (ft O1, 62) : 


From Lemma|2.2] and for every (x,y) € D, we have 


4 
Dam((t— £)°;2,y) < i 
and 
Dun((w— y)?2,y) < = 
nym od) = aa 
Therefore, choosing 6, = n~!/2 ve 5) = m7!/2 we get 


[Sum (£32,9) — F(2,9)| < Semizea (fin, m—¥?) 


Theorem 3.2. Let take Tp f € B(D) with the function f € T,(D). Then, for every (x,y) € D, 


we get 
ISnm(Fs259) — F(2,9)| $M. [IIT Bf lla + mized (Ta fin7?,m-¥/?)] (rm)? (3.16) 


where M is any positive constant. 
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Proof. Let the function f € T,(D). From [8], we have the identity 


Dees it [é, 52, y] = (t _ xr)(s _ y)T ef (s, Pp); r<g¢<ty<p<s. (3.17) 


From the definition A(,,,)f [t, s;2,y] and appliying Tpf to each side of the equality (3.15), 


we get 


Taf (sp) = Aga Taf (5.2) + Taf 69) + Taf (2,0) — Tes (ey). 


Taking Tg f € B(D) and above equation into account, we can write 


lDnga (Ara? eel sey) 
=|Dam ((t— 2)(s — y) Taf (5, p) 52, y)| 
<Dnym (lt — 2||s — y| |Awyy Taf (s,)| 52,4) 
+ Drm (\t— 2\|s — y| (Taf (s,y)| + [Taf (2, p)| + |Tef (z,y)|)32,y) 
<Drym (|t — 2||8 — ylWmined (Taf; |s — x|, 0 — yl); 2,y) 


+ 3|[TBfllo Pn (lt — a||s — yl;,y)- 


Also, since the mixed modulus of smoothness wyj7eq is nondecreasing, we have 


Wmired (Tay; Is _ ae |p — yl) <Wmined (Tef; lt _ Zi, |s _ y\) 


< (1+ 67"|t — al) (1+ 6y7|s — yl) wives (F551, 62) « 


Substituting in the above equality and applying the linearity of the operator Dy and using 


the inequality of Cauchy-Schwarz, we get 
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Sun Fie =F (6,9) =|Dam Ani eel 9) | 


<3||Taflloo \/ Drm ((t = 2)2(5 — y)%sa0,9) 
+ [Dam (lt = lls — ls.) 


+ 57 'Dnm ((t— 2)"|s — yl; 2,9) 


+ 63 'Dnm (|t — 2|(s — y)*5 2,4) 


48, 105 Dah ((t ~ x)?(s = y)*; x, y) | Wmixed Gz O14, 62) 


<3 [Ta flloc Daim ((t- 2)°(8 — y)?s2,9) 


- [Dam ((t — x)?(s — y)?; 2, y) 


+671 Dam (t— 2)(3 — 9) 2,9) 
+851 y/Dam ((t— @)2(8 — 4,9) 


+6, dy 'Dnym ((t — 2)?(s — y)?; 2, y) | Wmived (F361, 52) - 


From Lemma [2.2| we have 
4 
Dnm((t— )";2,y) <= 
and 


Dryn((u— y)?32,y) < 


3 fs 


For (x,y), (t,s) € D, p,q € 1,2 and taking 


Drm ((¢— 2)??(e — y)"4; 2, y) = Dagn ((t- 2)"?} 2, y) Dam ((8— y)"%s 2, y) 


into account, choosing 6, = n~!/2 ve 62 = m7~!/2, we get the desired result (3.16). 


In the following theorem, we evaluate the order of approximation of the sequence {Sp m(f)} 


to the function f € C,(D) in terms of mixed A-functional. 


Theorem 3.3. Let the operator Spm given in (3.13). Then, for every f € Cy(D) we get 


2 2 
[Soom (Fitsu) — F(t, u)| S 2Kmises (F12,=)) (3.18) 
n’m 
Proof. For the function g; € erg ) using Taylor formula, we get 


t 
gi(t,s) = gi(z,y) + (t— 2)Ts° (2, y) + / (t — u)Tz°gi(u, y)du 


x 


16 E. ACAR AND A. IZGI 


({6]). Since the operator S;,, reproduces linear functions 


t 


Snym (9152, y) = gi(z, y) + Sam (/ (t — u)T 3° gi (u, y)du; x, v) 


and the definition of Sm operator for gi € Crt ), we get 


[Sram (915 2,9) — gilz,y)| = 


Dam ( f(e—w) [F8"a (uy) - 73% 0u(u,5)] dus2.v)| 


<Dnm ( 


< [73°a|| Diesen, (E=B) 1 Byy) 
Co 


t 
/ Jt — ul Vee — T3°m(u, s)| aus.) 
x 


2,0 
<||TR | --, 
Te? nm 


For go € on ( ), 


lSnwn (9052, 9) > go(232) |= Dam (| (s—v) Th? 92(v,u) = 7)? glu, s)| dv; u)| 
y 


<Dpm ( 


= |75799|| Dnym ((8 — y)?32,Y) 
[oe) 


/ |s— | 73? 92(e, y) — Ts’ 92(v, »)| dv; x, |) 
y 


<|to°o, 


For he€ Ct ), we get 


h(t,s) =h(x,y) + (t-2)Ty°h(x,y) + (s— y)Tp h(x, y) + (t- 2)(s — y)Te h(a, y) 


t 
+f ¢-wa3 °n(uydus [( (s — v)TY °h(x,v)dv 
x y 


+ (s— y)(t— u)T oe h(u, y)du + / (t —x)(s— v) Ty h(a, v)dv 


¥ i. fe —u)(s— v) TR" h(u, v)dodu. 


Since Spm ((t — x); 2, y) = 0, Sum ((s — y); 2, y) = 0 and the definition of the operator Spm 


t s 
Sri (heyyy hile, y) |< Dam ( / (t —u)(s — v) Te h(u, v)dudu; x, v) | 
a Jy 


<Dnym ( nu) 


t s 
= Dien (| / |t — ul|s — v| T3*n(u,0)] dvds, 
a Jy 


1 
Si 737A] Drm ((t — x)?(s — y)?;2,y) 


(t —u)(s— v)T3"h(u, v)dudu 


22,|) 11 
oka ees 
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Therefore, we get 


ISnym (f;2,y) — f(z, y)| <|Cf — 91 — 92 — ) (2, y)| + [91 — Snymgi) (2, 9) 


+|(g 


2 — Snmg2) (#,y)| + [(h — Snmh) (2, y)| 


+ Rome ((f — 7 — 92- h);x,y)| 


<2 ||f 


+4| 


1 
g —92—All,.4 4|i73°o| — 
co 1 

11 


co nm 


1 
Te aa, + lite" 
B g2 Lacy =+ B 


for f € Cy(D). Since the definition of the mixed K-functional and taking the infimum over 


all gi € Ct 


D), g2€ ana 


reo ( 


)) we get the desired result (3.18). 


3.2. Numerical Examples. The convergence of the operators by illustrative graphics in 


Maple to certain functions for two dimensional cases are given and some numerical values 


are calculated as follows. For n,m = 1,2,5,10 and the function f(x,y) = x?y + y?, the 


convergence of the operators Dy m is shown in Fig 1. For n,m = 1,2,5,10 and the function 


f(z,y) =1-—2°+y3, the convergence of the operators Dy m is shown in Fig 2. It is seen 


that if the values of n,m increase, the convergence of Dy, m to the function f becomes better. 


Finally, one can see that the convergence of the GBS operator S;,m has better approach than 


the operator Drm for the function f(x,y) = (1+a2+ y)sin(x + y) in Fig 3. 


¥ 


ame f(r.) 
Dialf;z.y) 

mmm J). »(f; 20.4) 

ome 1s 5(f32,y) 


wee Di0.10(f;2.y) 


FIGURE 1. The convergence of the Dy. operators for f(x,y) = x?y+y? and 


n,m =1,2,5,10. 
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TABLE 1. Mean errors of figure [1] 


(n,m) maximize |Dnm(x,y) — f(x,y)| 


n,m=5 1,0204 
nm=15 00,5113 
nm=25 0,3390 
njm=50 0,1836 
n,m=100 0,0957 
n,m=150 0,0647 


ame f(r, 1) 
Din(f;z,y) 

we J). »(f; 2. y) 

ome DF); 5(f;7,y) 


wee Dio.10(f;7,y) 


x 11 ¥ 


FIGURE 2. The convergence of the Dn operators for f(x,y) =1—2° + y? 


and n,m = 1, 2,5, 10. 
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TABLE 2. Mean errors of figure 


(n,m) maximize |Dnm(x,y) — f(x, y)| 


n,m=5 1,0476 
nm=10  0,7362 
nym=50 = 0,2139 
n,m=100 0,1131 
n,ym=500 0,0066 


mu f(x,y) 
Me Dim (f;7,y) 
MS. (f:2,y) 


FIGURE 3. The convergence of the Dnm operators and the Sym operators 


for f(x,y) = (1+ 2+ y)sin(x+y) and n,m=5. 
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ABSTRACT. There are many studies about rectifying curves. In this present study, we ex- 
amine the ruled surfaces that have rectifying curves as base curves. We say that co-centrode 
curves defined by Chen and Dillen are the parameter curves for the special case u = 1 on 
the ruled surface with a base rectifying curve. Also, we answer the question when does the 
parameter curves of the surface are geodesic. 

Keywords: Rectifying curve, Ruled surface, Modified darboux vector 

2010 Mathematics Subject Classification: Primary 53A10; Secondary 14Q05, 14H50, 
14J26, 14Q10. 


1. INTRODUCTION 


The curves are the fundamental structure of differential geometry. In this study, we 
examine rectifying curves which are one of the subfamilies of the curves in Euclidean 3- 
space. A regular curve a(s) is called a rectifying curve, if its position vector always lies its 


rectifying plane. So, the position vector of a rectifying curve satisfies the equation 


a(s) =(s)T(s) + u(s) B(s) 
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for differentiable functions 4 and yz according to arc length parameter s. The notion of 
rectifying curves is introduced by B.Y. Chen in [i]. Also B-Y. Chen and Dillen show that 
there exists a relationship between the rectifying curves and the centrodes [2]. 

In the differential geometry of a regular curve, the curvature functions « and 7 of a regular 
curve play an important role to determine what is the type of the curve. One of the most 
interesting characteristics of rectifying curves is that the ratio of their torsion and curvature 
is a non-constant linear function of the arc length parameter s. 

There are many studies about rectifying curves. K. Ilarslan et.al in [4] [5] introduce the 
rectifying curves in the Minkowski 3—space. Also E. Ozbey et.al study rectifying curves in 
dual Lorentzian space and they show that rectifying dual Lorentzian curves can be stated 
by the aid of dual unit spherical curves in [7]. In recent years, the rectifying curves from 
various viewpoints have been studied in Pseudo-Galilean space and three-dimensional sphere 
in {6} [8}. 

In this paper, we define the ruled surface whose the base curve is a rectifying curve by 
using modified Darboux vector field in Euclidean 3—space. So, we examine the relationship 
between rectifying curves and ruled surfaces. In [2], Chen and Dillen introduce co-centrode 
curves. Accordingly, we say that co-centrode curves are the parameter curve for the special 
case u = 1 on this ruled surface. Also, we give the hypothesis that the curve whose the 
base curve for the given surface is a rectifying curve. Finally, we investigate the connection 
between the rectifying curve and the parameter curves of the surface which are the geodesic. 


We study the whole theory for the any orthonormal frame and also examine for special cases. 


2. PRELIMINARIES 


Let a: I CR > E? be an arbitrary curve in three dimensional Euclidean space. A moving 


orthonormal frame is defined as {N1, No, N3} in the E? along to curve a. Derivative of the 


frame is given by 


Ni (s) 0 ri(s) 2(s) | MO) 
N3(s) | =| -Ki(s) 0 — K3(s) | | No(s) (2.1) 
mol | IL 

where «1 (s), K2(s) and «3(s) are the curvatures of the curve a. This any orthonormal 
frame encompasses some other frames. So, this frame is substantially important in terms 
of generality. For example, if we take Ny = T,No = N,N3 = B,k, = K,KQ = O and 


k3 = T, above orthonormal frame coincides with the Serret Frenet frame. Also, if we take 
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N, =T, No = Ni, N3 = No, k1 = k1, ko = 0 and K3 = kz, we have Bishop frame. Similarly, if 
we take Nj = T, No = Y, N3 = Z,k1 = kg, Ko = ky and K3 = 7;, orthonormal frame coincides 
with the Darboux frame on a curve. Using the equations N; = N, No = C,N3 = W,K1 = 
f,&k2 = 0 and «3 = g, we get the alternative moving frame defined by Uzunoglu et.al in [9]. 
In the Euclidean space, the Darboux vector may be interpreted kinematically as the 
direction of the instantaneous axis of rotation in the moving trihedron. The direction of 
the Darboux vector is the instantaneous axis of rotation. In terms of the moving frame 


apparatus, the general Darboux vector field D can be expressed as 
D = kz (s) Ny (s) — Ka (s) No(s) + 1 (8) No (s) (2.2) 
and it provides the following symmetrical properties 
Dx Ni(s) = N;(s) (2.3) 


Dx No (s) = No (s) 


Dx N3 (s) = N3 (s) 


ES . 


where x is the wedge product in Euclidean space 


Izumiya and Takeuchi define the modified Darboux vector field as follows 


Ds (=) (s)T (s) + B(s) 


with «(s) 4 0 and another modified Darboux vector field is defined as D = T(s) + 
K 


(=) (s) B(s) with r(s) £0 BJ. 


In [1], Chen proves that the curve a(s) is congruent to a rectifying curve if and only if 


. 7... é : : : 
the ratio — with k > 0 is a non-constant linear according to arc length parameter s in E®. 
K 


3. RULED SURFACES WITH THE BASE RECTIFYING CURVES IN EUCLIDEAN 3-SPACE 


In this section, we examine the relationship between rectifying curves and ruled surfaces 
according to any orthonormal frame { Nj, No, N3}. We consider this any orthonormal frame 
with Kg = 0 but note that the frame different from Frenet frame. Also, we give the hypothesis 
the parameter curves of the ruled surfaces with the base rectifying curve are geodesic. We 
can define the rectifying curve with this orthonormal frame. So, if the rate of the curvatures 
a is a non-constant linear function according to arc length function s, then we can say the 


Ky 
curve is a rectifying curve. 
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Theorem 3.1. Let a(s) = { Ni (s)ds be a unit speed curve with any orthonormal frame 
{Ni, No, N3, 41,43}. The curve a is a rectifying curve if and only s—parameter curves of the 


surface @(s,u) = a(s)+uD(s) are rectifying curve where D(s) = (=) Ni + N3 is modified 
1 


1 
Darbouz vector field and uF a 


Proof. Let a(s) = { Nj (s)ds be a unit speed and rectifying curve with the frame 
apparatus {Nj, No, Ns, 1, i. . If the parameter wu is a constant, we obtain the s—parameter 
curves of the surface as 6(s) = f[ Ni (s)ds + u (2) (s) Ny (s) + N3 )) . If we take the 
derivative of 6 according to its arc length parameter, then we have 

d8 _  dfds 

ds ds d3’ 


Ny (+0(%) )me 
K1 ds 


where {Ni, No, N3, 1, R3} is the any orthonormal frame apparatus of 3. If we take the norm 


of both sides of above equation, we have 


da (+0(8) ds. 
Ky 


If we integrate the last equation, we obtain 
_ K3 

S=stu (=) +c, € constant, (3.4) 
Kl 


and we can easily see that 


Similarly, if a derivative of this equation is taken with respect to s, we obtain 


dN ds 

Be a 

ds ds ree 

_ a 1 
RiNg = #\Ng——~, 


/ 


1 
where (=) # ——. If we take the norm of last equation, we get 
Ky U 


Ky = ————.. (3.5) 


So, we can easily see that 
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Hence, we know that N3 = N3. If we take the derivative of this equation according to s, we 


have 


Kg = 3 —_,. (3.6) 


l+u (=) 
Ki 
If we look at the ratio of the Eq. (3.5) and Eq. (3.6), we can say that 


K3  R3 


(3.7) 


Ky Ry 
2 é sigs K3 ‘ ‘i 
Since a is a rectifying curve, we know that — = as+6 non-constant linear function for some 


1 
constants a and b with a 4 0 and a 4 —-. Let us write this equality in equation (3.4). 
u 


3 = s+tu(as+b)+¢, 


3S = (1+au)s + buc, 


3 es+f, 


where e, f are some constants with e # 0. So, we obtain the arc length parameter of the 


curve a as follows 


tas 
s= 
e 
From equation (3.7), we get 
K K s— 
3 _ 3 _ € a ) if 
Ky Ky e 
Hence, we can easily see that 
K 
“3 = gt Lt 
Ry 


where and yp are some constants with » 4 0. 
Finally, if the curve a is a rectifying curve, then s-parameter curves of the surface ¢(s, u) = 


J Ni (s)ds+u (2) Ni + Ns) are rectifying curve. 
KL 


c 
Conversely, let s-parameter curves of the surface 3 (s) = { Nj (s) ds+u (2) Ny, + a) are 
Ki 
rectifying curve. The ratio of the curvatures of the curve @ is the non-constant linear function 


according to § for some constants A and yw with A 4 0 as 
ae, = XS + p. 
KA 


From the equations (3.4) and (3.7), we can easily see that 


Ki Ki. K 
3S. (stu(@) +e) +n 
Kl Ky Ky 
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If the necessary arrangements are made, we get 


K3 
—=as+b 
RK 


where a,b are some constants with a 4 0. This means that a is a rectifying curve. 


Corollary 3.1. Let 6(s) = [ N3(s)ds be a unit speed curve with {N1, No, .N3,k1,K3}. The 
curve 3 is a rectifying curve if and only if s-parameter curves of the surface ¢(s,u) = 
B(s)+vD(s) are rectifying curve where D(s) = Ny + (= ) N3 is modified Darboux vector 
field. " 


Corollary 3.2. Let y(s) = [T(s)ds be a unit speed curve with {T,N,B,«,7}. Then the 
curve y is a rectifying curve if and only if s-parameter curves of the surface }(s,u) = 


y(s)+uD(s) are rectifying curve where D(s) = (=) T +B is modified Darboux vector field. 
kK 


Remark 3.1. For a regular curve y in E® with x 40, the curve given by the Darboux vector 


D=7TT+B is called the centrode of y and the curves Ch = yD are called the co-centrodes 
of y. Chen and Dillen show that a curve y with non-zero constant curvature and non-constant 
torsion is a rectifying curve if and only if one of its co-centrodes is a rectifying curve [2]. If 
we select u = 1 for u constant parameter curves, then we define the u constant parameter 


curves correspond to the co-centrodes. 


Corollary 3.3. Let o(s) = { N(s) be a unit speed curve with {N,C,W, f,g} defined by 
Uzunoglu [9]. The curve o is a rectifying curve if and only if s-parameter curves of the 
surface ¢(s,u) =a(s)+uD(s) are rectifying curve where D(s) = (4) N+W is modified 


Darboux vector field. 


Theorem 3.2. Let a(s) = { Ni(s)ds be a unit speed curve with any orthonormal frame 
apparatus {N1, No, N3, 1, - . Ifa is a rectifying curve, the parameter curves of the surface 


¢(s,u) = a(s)+uD(s) are geodesic curve where D(s) = (=) Ni +N3 is modified Darbous 
1 


1 
vector field and uF = 


Proof. The curve a has been always geodesic on the surface, but the parameter 


curves of the surface are geodesic if a@ is a rectifying curve. The normal vector of the surface 


INT. J. MAPS MATH. (2022) 5(1):21-28 / RULED SURFACES WITH THE BASE RECTIFYING... 


is as follows 


Ps 


(+0(®) )m and $y = (=) NiskiNG, 
K1 K1 
Ng = -(140(2) )m 

1 


Let a be a unit speed rectifying curve. Let’s examine s-parameter curves of the surface 


(eu) = f mo)ds+u( (2) om) +m), 


a(s)= [ m(syas+u((2) MN), 


dp _ déds_ x, ds 
ag sds ase 
d28 d2B ds? 

ds dst age OMI N2 


where a and b are some constants. 
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Similar to the above thought, if we examine u-parameter curves of the surface ¢(s,u) = 


J Ni (s)ds+u (2) N+ Na), then we have 
i 


se = [ ma+u((2) M+ Na), 


d?B 


a 


So, if the curve a is a rectifying curve, then the parameter curves of the surface $(s,u) = 


a(s)+u (2) Ni 4 ms) are geodesic curve. 
K1 


Corollary 3.4. Let y = [{T(s)ds be a unit speed curve with {T,N,B,K,T}. If y is a 


rectifying curve, the parameter curves of the surface ¢(s,u) = y(s) +uD(s) are geodesic 


curve where D(s) = (=) T + B is modified Darboux vector field. 
kK 


Corollary 3.5. Let o(s) = [{ N(s) be a unit speed curve with {N,C,W,f,g}. Ifo is a 


rectifying curve, the parameter curves of the surface ¢(s,u) = o(s) + uD(s) are geodesic 


curve where D(s) = (4) N+W is modified Darbous vector field. 
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ABSTRACT. In this paper, we give some characterizations of Frenet curves in 3-dimensional 
Lorentzian concircular structure manifolds((LC'S), manifolds). We define Frenet equations 
and the Frenet elements of these curves. We also obtain the curvatures of non-geodesic 
Frenet curves on (LCS), manifolds. Finally we give some theorems, corollaries and exam- 
ples for these curves. 
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1. INTRODUCTION 


The differential geometry of curves in manifolds investigated by several authors. Especially 
the curves in contact and para-contact manifolds drew attention and studied by the authors. 
B. Olszak[17], derived the conditions for an a.c.m structure on M to be normal and point 
out some of their consequences. B. Olszak completely characterized the local nature of 
normal a.c.m. structures on M by giving suitable examples. Moreover B. Olszak gave some 
restrictions on the scalar curvature in contact metric manifolds which are conformally flat or 
of constant ¢-sectional curvature in|16]. 

J. Welyczko[22], generalized some of the results for Legendre curves in three dimensional 


normal a.c.m. manifolds, especially, quasi-Sasakian manifolds. J. Welyczko [23], studied 
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the curvatures of slant Frenet curves in three-dimensional normal almost paracontact metric 
manifolds. 

B.E. Acet and 8. Y. Perktag [1| obtained the curvatures of Legendre curves in 3-dimensional 
(c€,6) trans-Sasakian manifolds. Ji-Eun Lee, defined Lorentzian cross product in a three- 
dimensional almost contact Lorentzian manifold and proved that —*; = cons. along a Frenet 
slant curve in a Sasakian Lorentzian three-manifold. Furthermore, Ji-Eun Lee proved that 
y is a slant curve if and only if M is Sasakian for a contact magnetic curve y in contact 
Lorentzian 3-manifold M in{12]. Ji-Eun Lee, also gave some characterizations for the gener- 
alized Tanaka-Webster connection in a contact Lorentzian manifold in[13}. 

A. Yildirim[25] obtained the Frenet apparatus for Frenet curves on three dimensional 
normal almost contact manifolds and characterized some results for these curves. 

U.C.De and K.De[10} studied Lorentzian Trans-Sasakian and conformally flat Lorentzian 
Trans-Sasakian manifolds. 

The LCS manifolds was introduced by [19] with an example. A. A. Shaikh|20] studied 
various types of (LC'S),-manifolds and proved that in such a manifold the Ricci operator 
commutes with the structure tensor . 

In this framework, the paper is organized in the following way. Section 2 with two subsec- 
tions, we give basic definitions of a (LC'S),-manifolds manifold. In the second subsection we 
give the Frenet-Serret equations of a curve in (LC'S)3 manifold. We give finally the Frenet 
elements of a Frenet curve in (LC'S')3 manifold and give theorems, corollaries and examples 


for these curves in the third and fourth sections. 


2. PRELIMINARIES 


2.1. Lorentzian Concircular Structure Manifolds. A Lorentzian manifold of dimension 
n is a doublet (N ‘ a) where N is a smooth connected para-compact Hausdorff manifold of 
dimension n and @ is a Lorentzian metric, that is, N admits a smooth symmetric tensor field 
g of type (0,2)such that for each point p € N the tensor g, : T,N x T,N —> R is a non 
degenerate inner product of signature (—,+,...,), where T,N denotes the tangent space of 
N at p and R is the real number space. A non zero vector field V € T,N is called spacelike 


(resp.non-spacelike, null and timelike) if it satisfies g,(V,V) > 0 (resp., < 0,=, < 0).[15] 
Definition 2.1. In a Lorentzian manifold (N,9) a vector field w is defined by 


aU, p) = AW) (2.1) 
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for any U € y(N) is said to be a concircular vector field if 
(VuA)(V) =a {9(U,V) + wU)w(V)}, (2.2) 
where a is a non-zero scalar and w is a closed 1-form.[24| 


If a Lorentzian manifold N admits a unit timelike concircular vector field €, called gener- 


ator of the manifold, then we have 
9(€,€) = 1. (2.3) 
Since € is the unit concircular vector field on N, there exists a non-zero 1-form 77 such that 
i(U,£) =U), (2.4) 


which satisfies the following equation 


(Vun)(V) =a{gU,V) +nU)nV)}, (a #9) (2.5) 


for all vector fields U and V, where V gives the covariant differentiation with respect to the 


Lorentzian metric g and a is a non-zero scalar function satisfies 


(Vua) = Ua = da(U) = pn(U), (2.6) 
where p is a certain scalar function defined by p = —(€a). If we take 
1 
then with the help of (2.3), (2.4) and (2.6), we can find 
gu =U+nU)E, (2.8) 


which shows that y is a tensor field of type (1,1), called the structure tensor of the manifold 
N. Hence the Lorentzian manifold N of class C® equipped with a unit timelike concircular 
vector field €, its associated 1-form 7 and (1,1) tensor field y is said to be a Lorentzian 
concircular structure manifold (i.e. (LCS'),, manifold) [19]. Moreover, if a = 1, then we have 
the LP-Sasakian structure of Matsumoto[14]. So we can say the generalization of LP-Sasakian 
manifold gives us the (LCS),, manifold. It is noteworthy to mention that LCS-manifold is 
invariant under a conformal change whereas LP-Sasakian structure is not so[18]. In (LCS), 


manifolds, the following relations hold[19} 


gU=U+n(U)E, n(€)=-1, (2.9) 
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and 


ICU, pV) = GU, V) + n(U)n(V). (2.10) 


2.2. Frenet Curves. Let ¢: J + N be a unit speed curve in (LCS), manifold N such that 
C’ satisfies 9(C,C’) = ¢, = #1. The constant ¢; is called the casual character of ¢. The 
constants €2 and ¢3 defined by g(n,n) = €2 and g(b,b) = €3 and called the second casual 
character and third casual character of ¢, respectively. Thus we €1¢€2 = —€3. 

A unit speed curve ¢ is said to be a spacelike or timelike if its casual character is 1 or -1, 
respectively. A unit speed curve ¢ is said to be a Frenet curve if 9(¢ - C') #0). A Frenet curve 
¢ admits an orthonormal frame field {t = ¢ ‘n, b} along ¢. Then the Frenet-Serret equations 


given as follows: 


Vet = €9KN 
Ven = —¢€,Kt — e3Tb (2.11) 
Verb = E9TN 


where k = Vere | is the geodesic curvature of ¢ and 7 is geodesic torsion [12]. The vector 
fields t, n and b are called the tangent vector field, the principal normal vector field and the 
binormal vector field of ¢, respectively. 
If the geodesic curvature of the curve ¢ vanishes, then the curve is called a geodesic curve. If 
k = cons. and tT = 0, then the curve is called a pseudo-circle and pseudo-helix if the geodesic 
curvature and torsion are constant. 

A curve in a three dimensional Lorentzian manifold is a slant curve if the tangent vector 
field of the curve has constant angle with the Reeb vector field,i.e. 7(¢’) = —9(¢’, €) = cosé = 
constant. If n(¢’) = —g(¢’, €) = 0, then the curve ¢ is called a Legendre curve[I2]. 


3. MAIN RESULTS 


In this section we consider a (LCS), manifold N. Let ¢ : I + N be a Frenet curve 
with the geodesic curvature « 4 0, given with the arc-parameter s and V be the Levi-Civita 


connection on NV. From the basis (¢’, ¢’, €) we obtain an orthonormal basis {e1, e2,e3} which 
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satisfy the equations 


i os C3 
E296 
OS ate ia 
cg = eg Sze 
Ver +p? 
where 
n(6) =9(6 6) =p. (3.13) 


Then if we write the covariant differentiation of ¢’ as 


Veer = veg + peg (3.14) 


such that 


v= IV eer, €2) (3.15) 


is a certain function. Moreover we obtain v by 


/ 


= G(Ve1,€3) = 9 c= — €javV/ ar) , (3.16) 
1 


where p’(s) = doles) Then we find 


Vereo = —ve; + [+ + —tees| €3 (3.17) 


Veit p? 


and 


Veres = — pe, [+ ane €2. (3.18) 


Ver. +p? 


The fundamental forms of the tangent vector ¢’ on the basis of the equation (3.12) is 


0 V Lb 
E1 pV 

[wig(6 = | -¥ : 30+ Tete (3.19) 

H Tea 

and the Darboux vector connected to the vector ¢’ is 

£4 0V 
w(¢’) = | e3a+ u €1 — peg + vex. (3.20) 
Jer +p? 


So we can write 


Veg eu jnee. (ars a): (3.21) 
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Thus, for any vector field Z = ~ 6'e; € x(N) strictly dependent on the curve ¢ on N and 


we have the following equation 
3 . 
VeZ=u(C\AZ+ = cieiO' lei. (3.22) 
i=l 


3.1. Frenet Elements of ¢. Let a curve ¢ : J > N be a Frenet curve with the geodesic 
curvature « # 0, given with the arc parameter s and the elements {t,n,b,«,7}. The Frenet 
elements of the curve ¢ can be calculated as above: 


If we consider the equation (3.14), then we get 


e9kn = Veer = veo + 1e3. (3.23) 


If we consider (3.16) and (3.23) we find 


2 

/ 

K=,|v24 ( ew aovare) (3.24) 
1 


On the other hand 


! ! 

= V V 

Von = (=) €2 + —Vereg + (4) e3 + Ries (3.25) 
EQK EQK EQK EQK 


= —€ Kt —e3TB. 


By means of the equation (3.17) and (3.18) we find 


/ 
V Lb E pV 
—6e3TB = E3Q e€ 3.26 
3 (4) or ( 3 ene | 2 ( ) 
( : ) cee ae €3 
E9K E9K Ver + p? , 


By a direct computation we find following 


(r(@l--BaaQ).  o» 


Taking the norm of the last equation by using (3.26) and if we consider the equations (3.16) 


and (3.27) in (3.26) we obtain 


ry 2 
2 EQ (sks — €yanfey + | | 
pela ee ( = ) i a (3.28) 


K 


Moreover we can write the Frenet vector fields of ¢ as in the following theorem 
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Theorem 3.1. Let N be a (LCS), manifold and ¢ be a Frenet curve on N. The Frenet 


vector fields t, n and 6 are in the form of 


t = Cc = €1, 
~ = male + os (3.29) 
EK EQK 
if ( Vv ) jl E1 pv 
b6 = €3a@ + ———— ] | €2 
e3T | \eak Ek é1 + 9? 
il ( m ) Vy E1 pV 
é3a 4 e3. 
E3T 9K E9K é1 + p? 
Note that 
fe 2 
€ = eypt— EVEL PT, (3.30) 


2 / 
Ve1tp ( LL ) lt gh 
E3T EQK EQK 4 /E4 + p 


Let ¢ be a non-geodesic Frenet curve given with the arc-parameter s in (LCS), manifold 


N. So one can state the above theorems. 


Theorem 3.2. Let N be a (LCS), manifold and ¢ be a Frenet curve on N. ¢ is a slant 


curve (p = (¢') = cos@ = cons.) on N if and only if the Frenet elements {t,n,b,«,7} of ¢ 


are as follows 


$= ey = e 
_ 4 e290 
n= EQg=——, 
Ve, + cos?6 
€1€ — cos0c' 
b = eg =e ———————_, 3.31 
: ' Vé1 + cos?0 ( ) 
K = Vv? +02 (e, +086), 
2 
? €1cosOv ( V yy (= rextt 
7 = a+ 
. Vé1 + cos76 EK K 
Proof. Let the curve ¢ be a slant curve in (LCS), manifold N. If we take account 


the condition p = n(¢’) = cos6 = constant in the equations (3.12), (3.24) and (3.28) we find 


(3.31). If the equations in (3.31) hold, from the definition of slant curves it is obvious that 


the curve ¢ is a slant curve. 
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Corollary 3.1. Let N be a (LCS), manifold and ¢ be a slant curve on N. If the ge- 


odesic curvature & of the curve ¢ is non-zero constant, then the geodesic torsion of ¢ is 
Ov 
( 3 Leo 


Corollary 3.2. Let N be a (LCS), manifold and ¢ be a slant curve on N. If the geodesic 


— and ¢ is a pseudo-helix on N. 


curvature & of the curve € is not constant and the geodesic torsion of € is T =0 then ¢ is a 


plane curve on N and function v satisfies the equation 


v= ; (cy + cv) K7ds, (3.32) 


_ €3 _ €1cos@ 
where cy = encore and c= a(e1+cos2 8) ° 


Theorem 3.3. Let N be a (LCS), manifold and ¢ is a Frenet curve on N. ¢ is a spacelike 
Legendre curve(p = (¢’) = 0) in this manifold if and only if the Frenet elements {t, n, b, «, 7} 


of € are as follows 


t= e= 
n= eQq= en’, 
b = e3 = —e3€, (3.33) 


142 172 
Vv K 
= foe-[(&)] +“ [ET] 
EQKk K 
Proof. Let the curve ¢ be a Legendre curve in (LCS), manifold N. If we take 


account the condition p = 7(¢’) = 0 in the equations (3.12), (3.24) and (3.28) we find (3.33). 


If the equations in (3.33) hold, from the definition of Legendre curves it is obvious that the 


curve ¢ is a Legendre curve on N. 


Corollary 3.3. Let the curve ¢ is a Legendre curve in (LCS), manifold N. If the geodesic 
curvature k of the curve € is non-zero constant, then the geodesic torsion of ¢ is T = 0 and 


¢ is a plane curve on N. 


4. EXAMPLES 


Let N be the 3-dimensional manifold given 


N= (29, zZ)ER i zFA Oo} ; (4.34) 
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where (x,y,z) denote the standart co-ordinates in #°. Then 


Ey = e& («3 +05.) : ee ae ce (4.35) 
Ox Oy 


are linearly independent of each point of N. Let g be the Lorentzian metric tensor defined 


by 
gE, FA) = g( £2, Ee) =1, = 9 Bs, E3) = —1, (4.36) 
GE, £;)=0, i439, 


for i,j = 1,2,3[2]. Let 7 be the 1-form defined by 7(Z) = g(Z, E3) for any Z € T(TN). Let 
y be the (1,1)-tensor field defined by 


phy = Fi, pkg =f2, pk3=0. (4.37) 
Then using the condition of the linearity of y and g, we obtain n(£3) = —1, 


gL = Z+n(Z)Bs, (4.38) 
for all Z,W €I(TN). Thus for € = E3, (vy, €,n, 9) defines a Lorentzian paracontact structure 
on N. 

Now, let V be the Levi-Civita connection with respect to the Lorentzian metric g. Then 


we obtain 
[F1, Bo] = —e* Fo, [F,,F3])=—E,, [Eo, E3] = —E. (4.39) 


If we use the Koszul formulae for the Lorentzian metric tensor g, we can easily calculate the 


covariant derivations as follows: 


Vain =—-E3, Van =e’Eo, Va, bs =—-fh, 
Ve,B3=—Ea, Va,Eo=—e’Fi — Es, (4.40) 
Vi =Ve Vee Hevea S, 


From the about represantations, one can easily see that (vy, €,7,9) is a (LCS), structure on 


N, that is, N is an (LC'S),-manifold with a = —1 and p= 0. 


38 M. A. AKGUN 


Example 4.1. Let 8 be a spacelike Legendre curve in the (LCS), manifold N and defined 


as 


s > B(s)= (s*, s?, In2) , 


where the curve 6 parametrized by the arc length parameter t. If we differentiate B(t) and 


consider we find 


e1 = 6'(t), (4.41) 
1 Al 
3° eo F,. (4.43) 
If we consider the equations (3.19), ; (3.16), and (3.28) we can write 
il. 


=-£9a, Vv=——=, 4.44 
2 a (4.44) 


Ub 
1 3 
joett= 3 r=l|e|=1, 


From the above equations we see that the curve B is a Legendre helix curve in N. 


p=0, 
K= 


Example 4.2. Let v be a spacelike Legendre curve in the (LCS), manifold N and defined 


as 
v: I aN 
s —v(s) = (coss, sins,1), 


where the curve v parametrized by the arc length parameter t. If we differentiate v(t) and 


consider we find 


e, = u'(t), (4.45) 

nop t 
€2 = an ( sin(—) FE, + cos( \Ea) : (4.46) 

e e 
e = £203. (4.47) 

If we consider the equations (3.19), 3 (3.16), and (3.28) we can write 
p=0, pw=-e20a, v=O), (4.48) 
cr=T= 10) 


So, the curve v(s) is a Legendre helix curve in N. 
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ABSTRACT. The purpose of this article is to give some novel identities and inequalities asso- 
ciated with combinatorial sums involving special numbers and polynomials. In particular, by 
using the method of generating functions and their functional equations, we derive not only 
some inequalities, but also many formulas, identities, and relations for the parametrically 
generalized polynomials, special numbers and special polynomials. Our identities, relations, 
inequalities and combinatorial sums are related to the Bernoulli numbers and polynomials of 
negative order, the Euler numbers and polynomials of negative order, the Stirling numbers, 
the Daehee numbers, the Changhee numbers, the Bernoulli polynomials, the Euler polyno- 
mials, the parametrically generalized polynomials, and other well-known special numbers 
and polynomials. Moreover, using Mathematica with the help of the Wolfram programming 
language, we illustrate some plots of the parametrically generalized polynomials under some 
of their randomly selected special conditions. Finally, we give some remarks and observa- 
tions on our results. 
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1. INTRODUCTION AND PRELIMINARIES 


Combinatorial sums and combinatorial numbers and polynomials have many applications 
in mathematics and other applied sciences. These numbers are related to the special functions 
and also some classes of special numbers and polynomials. The motivation of this paper is 
to use not only generating functions, but also their functional equations, we give many 
new formulas and combinatorial sums involving the Bernoulli numbers and polynomials, the 
Euler numbers and polynomials, the Stirling numbers, and also combinatorial numbers and 
polynomials such as the Daehee numbers, the Changhee numbers, and the parametrically 
generalized polynomials. By using these formulas and combinatorial sums, we provide some 
inequalities applications. In order to illustrate graph and plots of special polynomials, here 
we use Mathematica with the help of the Wolfram programming language. 


Throughout of this paper, we use the following notations and definitions. Let 
N=11,2.3,40c-} and No = NU {0}. 


As usual, Z, R and C denote the set of integer numbers, the set of real numbers, the set 


of complex numbers, respectively. We assume that: 


1, n=0 
= 
0, neEN 
Furthermore, 
(3) =] and (*) Ne (mer AEC), 
0 n n! 


where (A), is the falling factorial defined by 
A)n =AA-DA-2)..A-—n4+]), 


with (A)o = 1 (ef. |1}}34|; and references therein). 
The Stirling numbers of the second kind are defined by means of the following generating 


function: 


t k ioe) in 
Ce ae es (1.1) 
— , 


(cf. |1}}34]; and references therein). 


The Stirling numbers of the second kind are also given by the falling factorial polynomials: 
a= S Sela) ys (1.2) 
j=0 


(cf. |1}}34); and references therein). 
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By using (1.1), an explicit formula for the numbers $2 (n,k) is given as follows: 


re (k 
8 (nk) =F I(T)" (1.3) 
where n,k € No and for k > n, 


(cf. |1}}34]; and references therein). 


Let v € Z. The Bernoulli numbers and polynomials of higher order are defined by means 


of the following generating functions: 


i oy" t” 
= = (v) 
Fa (tw) =(s44) = 205, (1.4) 
and 
wt _ @) ip) & 
Gr (t,2,v) = Fp (t,v)e dX » (2) —, (1.5) 
such that v = 0, 
BO (x) = 2", 


(cf. (13]/23}|29]/30|/34); and references therein). 


Substituting v = 1 and x = 0 into (1.4) and (1.5), the Bernoulli numbers and polynomials 
are derived, respectively, 


Bn = Bo, 


and 


(cf. |1}}34]; and references therein). 
By using (1.5), an explicit formula for the polynomials Bo) (x) is given as follows: 


k 
BOY (6) = ae (A) ot (1.6) 


where n € No and k € N (cf. [5| Equation (3.20)]). 
Putting n = « =k in (1.6), we have the following presumably known result: 


BC”) (n) = a er (") (n +5)?" 
= 


Substituting z = 0 into the above equation, and using (1.3), we have the following well- 


known identity: 


1 
k 


(er Equation (7.17)]). 
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Let v € Z. The Euler numbers and polynomials of higher order are defined by means of 


the following generating functions: 


a aa i” 
_ = Boe 
Fp (t, v) (= ae :) 2.0m n! (1.8) 
and 
= oS BO) ly 
Ge (1,850) = Fr (t,v) e cer n (x) al (1 9) 


such that v = 0, 
B() = 2" 


(ep. [13}/23})28]/29)/34); and references therein). 


Substituting v = 1 and # = 0 into (1.8) and (1.9), the Euler numbers and polynomials 


are derived, respectively, 


and 


(cf. |1}}34); and references therein). 
By using (1.9), we have 
n j d 
- n\_ ,-;~n (d—-k—1\al(-1)4, 
EC) (x) = 50 ( . J ( : ) 2 So (j,d) , (1.10) 


j=0 d=0 


where n € No and k € N (cf. (23}/28)[29][34}). 


Putting n = x =k in (1.10), we have the following presumably known result: 


EC"(n) = 3 (") my (‘ ; ‘) lee: (3,4). 


j=0 


By using (1.4) and (1.8), a relation between the numbers a) and the numbers BLY 


is given as follows: 


lin = = 

—k) (—k) p(k) 

Bt = om y (“)a Eis ; (1.11) 
j=0 


where n € No and k € N (cf. Equation (3.1)]). 
By using (1.1) and (1.8), a relation between the numbers ge) and the numbers 5S (n, k) 


is given as follows: 


S (n,k) = . car s(®\ (mace, (1.12) 


(cf. Theorem 2.14]). 
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The Euler numbers of the second kind, E*, are defined by means of the following generating 


function: 
2 wee 
nm 


cep. (1.9]/26}|28]/30}; and references therein). 


By using (1.9) and (1.13), a relation between the Euler numbers £% and the Euler poly- 


= 8,(2) 
(ct. (OIBTIPRIBD). 
Kilar and Simsek |13| Corollary 3.5] gave the following identity for the numbers 52 (n, k): 
SO ee: 
So(n+k,k) = Do ain gh (j+k,k) B(n—J,k), (1.14) 


j=0 


nomials is given as follows: 


where n,k € No and 


Bink) = ( i184 (n, Jj) 
j=0 


k 
k\ . 
- &()* 
j=o 
(cf. Identity 12.]; see also (7\[29]). 
Substituting n = k into (1.14), we have 


2 \ (") E : 
Sa (nn) = 7") 9) A So (i + mn) B (nj. 
n) 2603) 
j=0 n 
The Daehee numbers, D,,, are defined by means of the following generating function: 
1 
bette) >> Dn= (1.15) 


(of (72550). 


By using (1.15), an explicit formula for the Daehee numbers is given by 


n! 


(1.16) 


(of (72550). 


The Changhee numbers, Chy, are defined by means of the following generating function: 


— = = Lohan = (1.17) 


(cf. (13)50)). 
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By using , an explicit formula for the Changhee numbers is given by 


(1.18) 


(ef. 1550). 
Kucukoglu and Simsek defined the numbers {,, (k) by means of the following gener- 


ating function: 


(1 - =)" = Ya i. (1.19) 
where k € No, z € C with |z| < 2. 


By using (1.19), we have 
—1)"n! 
b(t) = ef) = (etn (1.20) 


nm nm 


where n,k € No (cf. Equations (4.9) and (4.10)]). 
The polynomials C,(z,y) and S;,(a,y) are defined by means of the following generating 
functions: 
Go(t, x,y) = e™ cos (yt) = Yu fs ys (1.21) 
and 


Gs(t, x,y) = e* sin (yt) = Ys x Ws (1.22) 


(cf. 6TH TOPOE. 
By using and (1.22), the polynomials C,,(z,y) and S,(z,y) are computed by the 


following formulas: 


and 


n—2j—-1, 2741 
Sc tee 


=0 


respectively (cf. eT TAPOPA) ; 
By using and (1.22), the polynomials C,,(z,y) and S,(x, y) are also computed by 


the following formulas: 


[Bln 7 
ie 4) ae igen 
nto) = D2 9-2) (J) soln 2, (1.28) 
and 
[Px] n—25-1 : 
S,(2,¥) = AP (Q" )S-2- Lay (124) 
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(cf. [2)). 
Simsek defined new classes of special numbers and polynomials by means of the 


following generating functions: 


at t 
PyG, ka) = =) Jr(k,a)— (1.25) 
4sinh (S*) cosh () » n! 
and 
Gy(t,e,k,a) =e" Fy(t,k,a) = D> Qn(a,k,a)—, (1.26) 
= n! 


where k € Z anda € R (or C). 
Substituting « = 0 into (1.26), we have 


Vnlk, a) — Qn (0, k, a). 


Simsek also gave the representation of equation (1.25) as follows: 


taektlet 


Py ka) = (c+) _ 1) (ekt 7 i) 


(ot. Bi). 
By using (1.25) and (1.26), a relation between the polynomials Q,,(x, k, a) and the numbers 


Yn(k, a) is given as follows: 


(of Bi). 
By using (1.5), and (1.25), we have the following identity: 
Valk, a) = Ty ~ (") k™-5(k + 2)° By sBe (5) (1.27) 
where n € No (cf. Equation (15)]). 
Recently, Bayad and Simsek defined new classes of the parametrically generalized 
polynomials, the polynomials Qo? (x,y, k,a) and oe (x,y, k,a), by means of the following 


generating functions, respectively: 


e* cos (yt) at = ee 
H(t, «,y,a,k) = = 550%) (a, y, kya) = (1.28) 
4 sinh (‘S*) cosh (#) » n! 


and 


at n 


e™ sin (yt 


) at 
(1.29) 
4 sinh (*) cosh (# 


Ag(t,2;9,;08,K) = nl’ 


= t 
7 > Of) (2,9, h,a) 
n=0 


where k € Z and a€ R (or C). 
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By using (1.28) and (1.29), the polynomials oO” (x,y, k,a) and Qh) (x,y, k,a) are com- 
puted by the following formulas: 


n 


GO eg Re (“) Viewer oea) (1.30) 
j=0 
and 
O°) eanteah= (“) Ce CMe (1.31) 
j=0 


(cf. ). 

The rest of this article is briefly summarized as follows: 

In Section 2, by using generating functions and functional equations techniques, we derive 
some formulas, combinatorial sums and relations including the parametrically generalized 
polynomials, the Bernoulli numbers and polynomials of higher order, the Euler numbers and 
polynomials of higher order, the Euler numbers of the second kind, the polynomials C;, (x, y), 
and the polynomials S;, (x, y). 

In Section 3, we give many inequalities for combinatorial sums including the Bernoulli 
numbers of negative order, the Euler numbers of negative order, the Bernoulli polynomials, 
the Changhee numbers, the Daehee numbers, the Stirling numbers, the numbers B (n,k) and 
the numbers £,, (k). 

In Section 4, using Mathematica with the help of the Wolfram programming language, 
we present some plots of the parametrically generalized polynomials under some of their 
randomly selected special cases. 


Finally, in Section 5, we give remarks and observations on our results. 


2. COMBINATORIAL SUMS AND IDENTITIES FOR THE PARAMETRICALLY GENERALIZED 


POLYNOMIALS, AND SPECIAL NUMBERS AND POLYNOMIALS 


In this section, using generating functions and functional equations, we give some interest- 
ing identities and combinatorial sums related to the parametrically generalized polynomials, 
the polynomials C;, (x, y), the polynomials S,, (x, y), the Bernoulli numbers and polynomials 
of higher order, the Euler numbers and polynomials of higher order and the Euler numbers 


of the second kind. 


Theorem 2.1. Letn € No anda #0. Then we have 


n ad j+1 1.d—j 
3 d\ (n\ 2(k+2)97* kt-F (1) 0 
Ca@+h+ ly) => (‘) ("1 a(j +1) Fa} Oma eee 
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Proof. Combining (1.28) with (1.4 (1.4), (8 11.8) and (1.21), we get the following functional 
equation: 


2(k +2) 


From the above equation, we obtain 


Go (hae eb Ly) = Fg (4 2)t,—1) Fe (kt, —1) Ho(t, x,y, a, k). 


nr 


~ t 
Zeke, 


2(k+2) — 

0° ‘, tn 990 tn 

= SK (k+ 2)” a EC DQ (2,y,k,a) 5 

n=0 n=0 

Therefore 
a = t 
C ” 

_$$i( He \c (kK +2) kt JBC DET 7 Qa (ey, ka) 
n=0 d=0 j=0 


Comparing coefficient of a on both sides of the above equation, and combining with following 


well-known formula 


we arrive at the desired result. 


Theorem 2.2. Letn € No anda#0. Then we have 


J+1 p.d- 
pene EEOO al “PAL lonba) 


d=0 j=0 
Proof. Combining (1.29) with (1.4 (1.4), (L.3| 1.8) and (1.22), we have 
a 
a7 ly) =F 2)t, —1) Fe (kt, -1) : 
CES) a »Y) = Fp ((k + 2)t, 1) Fe (kt, -1) H(t, 2, y,4,k) 


From the above functional equation, we obtain 


n 


= t 
DEERE 


2(k+2) 2 
~ i . 7 ee 
= So (k+2)"B co a E(- D> a (0,4, kya) 5. 
n=0 n=0 
Therefore 
CO t” 


d 


ss ele yc (k +2) ke JBC TE Oo (x,y, k, a) e 
; n) 


n=0 d=0 j=0 
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Comparing coefficient of 4 mi on both sides of the above equation, after some elementary 


calculations, we arrive at the desired result. 


Theorem 2.3. Letn € No anda #0. Then we have 


leche a 
B, = =>. -»*(" + **) (" + ') g2d+1y2d—1 pj (2.32) 
a(n+ M7 (Ga) ey Feo q 2d 
_1) f{-x-k-1 1 S 
x ES ) ~~ Bag (5) Qe, oa—j (2, Y, Kk, a) « 
Proof. By using 1.8) and (1.29), we get the following functional equation: 
a 2 —xr—-—k-1 
——~ Fp ((k + 2) t, 1) = ——~G_ | kt, —————_.,,-1 } H(t, x, y,a,k). 
(k +2) B (( + )t, ) sin (yt) ” ’ a ’ ) s(t, 2, y,a ) 


Combining above equation with the following well-known identity: 


asd 2n 
aw = $0 (-1)" 2?" Bon (5) om (2.33) 


Cp. Equation (2.24)]), we have 


- Y = ye 1 #2” 
Tea tN BG = DH" eu)" Ba (3) hae 
(1) (Tea RAL) HO" SS Qy5) en 
«>a - k ) n! do (x,y, k,a) —. 
Therefore 
ay — 5 in 
pe aa 
n—2d 
= ae oo 5) wet (ae) 
n=0 d=0 7=0 7 


1\ t” 
Qn oa (2,95, a) (—1)" (2y)*4 Boa (5) a 


Comparing coefficient of f on both sides of the above equation, after some elementary 


calculations, we arrive at the desired result. 


Theorem 2.4. Letn € No anda #0. Then we have 


[| 
= n+1—2d\ (n+1 2+, 24-1 +1 
En = 2 k 2)4 
wank yt) (ae +2) 


a) Baa (5 Ja Qh. 2d— 5 (2 Wie a). 
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Proof. By using (1.5), (1.3 1.8) and (1.29), we get the following functional equation: 


—x—k-1 


k+2 
——-G +2)t 
t) nie )t, a, 


in (y 
Combining above equation with (2.33), we have 


ayt = Ma _ ea 1a" 
yy a S aly Oy By = 
PME = Do" Guy Bs (5) = 


n=0 


5 Fe (kt,1) = .-1) Hg(t,2,y, a, k). 


«Do e+ a BY (EP) ES OS uiva) S. 
nN: 


ar k+2 n! = 
Therefore 
oo i co [3] n—2d 
ey nk" 1B i Se ")y i 28) eho 
= inl n=0 d=0 ae j=0 j 
jy f=e=h=—1 (S) lee 
xB; (=>) Qn —2d— j (x,y,k,a) (2 a Boa (5 a 


Comparing coefficient of f on both sides of the above equation, after some elementary 


calculations, we arrive at the desired result. 


Theorem 2.5. Letn € No anda #0. Then we have 


+ 2) x +1 E 
53 (1) "Se wGa)G)- 


(-1) & y) E35, QO) 25 (x,y, k,a). 


j=0 
Proof. By using 1.9) and (1.28), we get the following functional equation: 
x k+1 
——- k+2)t,——1 kt, 1) = see (yt) Holt k). 
sy (( + pare cal = ) sec (yt) Ho(t, x, y, a, k) 


Combining above equation with the following well-known identity: 
sec (t) = 5 _ (-1)" Ein oa] (2.34) 
(cf. Equation (2.40)]), we have 
a = x t” k+1)\ t” 
———~ k +2)” B, | ——~ ] — k"E, (| —— } — 
2k +2) 2+! 77) Ge > ( k )5 


(oe) 


QO (x,y, k,a) — 


n=0 n=0 


Therefore 


a —— jis x of RLV a 
Team Dj) ere Bs ( gE5) Bea ( k ) nl 


n 


i (= iy BO as (x,y, k, a) ~ 
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Comparing coefficient of a on both sides of the above equation, after some elementary 
calculations, we arrive at the desired result. 
Combining (1.24) with (1.12), after some elementary calculations, we obtain the following 


theorem: 


Theorem 2.6. Letn Ee N. Then we have 


[3°] n—2j-1 d—n+2j+1,,2j+1 
Sn(z, y) = (= i (, a y : 7 Oe 
j=0 d=0 J : 
n—2j-1 d . 
gf TOS APS LN IY oy oh 
x > (-n? ( a Gr BF teas 
m=0 v=0 


3. INEQUALITIES APPLICATIONS FOR COMBINATORIAL SUMS INVOLVING SPECIAL NUMBERS 


In this section, we give the upper bound and the lower bound for the special numbers and 
polynomials, and combinatorial sums involving the Bernoulli numbers of negative order, the 
Euler numbers of negative order, the Changhee numbers, the Daehee numbers, the Stirling 
numbers of the second kind, the numbers B (n,k) and the numbers £,, (k). 

In order to give our results, we need the following inequalities for the special numbers. 

Gun and Simsek |8] gave the lower bound and the upper bound for the Bernoulli numbers 


of negative order B®) as follows: 


= kn 
BY Ss (3.35) 
(".") 
and 
n+k—-1 kn 
Ben < a ; (3.36) 
k 


where n € No andk EN. 
Comtet (6| gave the lower bound and the upper bound for the Stirling numbers of the 


second kind $2(n,k) as follows: 


So(n,k) > k"-* (3.37) 
and 
—1 
So(n,k) < e Jers (3.38) 
k-1 
Abramowitz and Stegun |1| p. 805] gave the following inequality for the Bernoulli numbers: 
2(2n)! 2 (2n)! 
en aap, ee . (3.39) 
(27) (27)°" (1 — 21-2”) 


where n € N. 
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Combining (1.11) with (3.35), we get the following theorem for the Euler numbers of 


negative order and the Bernoulli numbers of negative order: 


Theorem 3.1. Letn € No andk €N. Then we have 


os (7) (—k) (-h) 5 27K" 
> (“)a Ee Fey: (3.40) 
j=0 


By using (1.6), (1.10), (1.18) and (3.40), we derive the following corollary: 


Corollary 3.1. Letn€ No andk EN. Then we have 
k n—j k—-d 
(—1) (“) (4) (" —k-— ‘) bij , Pi de 
: dt" ChmS2(n— j,m) > ; 
Ee SOO n(n isn) 2 2 


By using (1.18), (1.20) and (3.40), we get the following corollary: 


Corollary 3.2. Letn€ No andk EN. Then we have 


“(7 79(—k) po(—h) x, (2k)” Che 
|B; °E ? > >. 
2 (7) R= ee 


Combining (1.11) with (3.36), we obtain the following theorem: 


Theorem 3.2. Letn € No andk €N. Then we have 
(7) 3 (—k) p(k) kl 
j=0 


Substituting n = k into (3.41), we arrive at the following result: 


Corollary 3.3. Letn EN. Then we have 
os (7) (—n) pl-n) <2 

(area < 
j=0 


By using (1.18), (1.20) and (3.41), we obtain the following corollary: 


Corollary 3.4. Letn € No andk EN. Then we have 


n Pk-1 (n+k-—1) Chr 


A (n\ (-k) p(—k) 
“\ BO pO < (2% 
~) J ng S (2h) Be (n +k) Chy-1 


Combining (1.14) with (3.37), we get the following theorem: 


Theorem 3.3. Letn € No andk EN. Then we have 


5 VED gj 8 8) B( — j,k) > k” (3.42) 
; gk-tn (ith) 29 ; ea =— , 


j=0 
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By using (1.14), (1.16), (1.20) and (3.37), we have the following corollary: 


Corollary 3.5. Letn € No andk EN. Then we have 


 () Be (n +k) 
Xs CPD, 


Soi +k, k) B(n— j,k) > (K+1)k". 
j=0 


Combining (1.12) with (3.37), we arrive at the following theorem: 


Theorem 3.4. Letn € No andk EN. Then we have 


oe ~ [ k-j n k »m p(—-k n—k 
kl eae! m) \j POE n—m 2 BO. 


m=0 j=0 


Combining (1.12) with (1.20) and (3.38), we get the following theorem for the Euler 


numbers of negative order: 


Theorem 3.5. Letn € No andk EN. Then we have 
gt nae py - kB, (n—- 1) 
——— = Pd. “mM < : 
kl 22) (") (4a nn Chat 


4. SOME PLOTS OF THE PARAMETRICALLY GENERALIZED POLYNOMIALS 


In this section, with the help of Wolfram programming language in Mathematica [35} we 


illustrated the plots of the parametrically generalized polynomials by applying the formulas 


given by (1.30) and (1.31). 
Figure [1] is obtained by y = 2, k = —10, a = 2, and n € {0,1,2,3,4,5} using (1.30) for 
x € [—50, 50]. 


Qn! (x, y, k, a) 
— Qo (x, 2, -10, 2) 
[ — Q,' (x, 2, -10, 2) 
x — Q, (x, 2, -10, 2) 
— Q;' (x, 2, -10, 2) 
— Q,'° (x, 2, -10, 2) 
— Q; (x, 2, -10, 2) 


FIGURE 1. Plots of the polynomials Qo? (x, 2, —10,2) for randomly selected 
special cases when n € {0,1,2,3,4,5} and x € [—50, 50]. 
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Figure |] is obtained by n = 4, y = 2, a = 2, and k € {0,1,2,3,4,5} using (1.30) for 
x € |—5, 5]. 


Qn! (x, y, k, a) 
100 


— Q,' (x, 2, 0, 2) 
— Q,' (x, 2, 1, 2) 
— Q,4'° (x, 2, 2, 2) 
— Q,4'° (x, 2, 3, 2) 
— Q,'° (x, 2, 4, 2) 
— Q,! (x, 2, 5, 2) 


FIGURE 2. Plots of the polynomials Qo (x, 2,k,2) for randomly selected 
special cases when k € {0,1,2,3,4,5} with n = 4 and xz € [—5, 5]. 


Figure [3] is obtained by n = 4, k = —8, a = 2, and y € {0,1,2,3,4,5} using (1.30) for 
x € [—6, 6]. 


Qn! (x, y, k, ab 


— Q,'° (x, 0, -8, 2) 
— Q,' (x, 1, -8, 2) 
x — Qy! (x, 2, -8, 2) 
— Q,' (x, 3, -8, 2) 
— Q,' (x, 4, -8, 2) 
— Q,' (x, 5, -8, 2) 


FIGURE 3. Plots of the polynomials Qo? (x,y, —8,2) for randomly selected 
special cases when y € {0,1,2,3,4,5} with n = 4 and x € [—6, 6]. 


Figure [4] is obtained by n = 15, k = —8, a = 2, and y € {0,1,2,3,4,5} using (1.30) for 
x € |—6, 6]. 
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Qn! (x, y, k, a) 


— Qi5'° (x, 0, -8, 2) 
— Qs (x, 1, -8, 2) 
— Qs" (x, 2, -8, 2) 
x — Qy5'° (x, 3, -8, 2) 
— Qys5' (x, 4, -8, 2) 
— Qs (x, 5, -8, 2) 


FIGURE 4. Plots of the polynomials Qh (x,y, —8, 2) for randomly selected 
special cases when y € {0,1,2,3,4,5} with n = 15 and x € [—6, 6]. 


Figure [5] is obtained by y = 2, k = —10, a = 2, and n € {0,1,2,3,4,5} using (1.31) for 
« € [-50, 50]. 


Qn!) (x, y, k, a) 


— Qy'* (x, 2, -10, 2) 
— Q,' (x, 2, -10, 2) 
x — Q)!5) (x, 2, -10, 2) 
— Q,'% (x, 2, -10, 2) 
— Q,'*) (x, 2, -10, 2) 
— Q;'*) (x, 2, -10, 2) 


FIGURE 5. Plots of the polynomials Qs) (a, 2,—10,2) for randomly selected 
special cases when n € {0,1,2,3,4,5} and x € [—50, 50]. 


Figure [6] is obtained by n = 4, y = 2, a = 2, and k € {0,1,2,3,4,5} using (1.31) for 
x € [—-5, 5]. 
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Qn'5) (x, y, k, a) 


— Q,! (x, 2, 0, 2) 
— Q,' (x, 2, 1, 2) 
— Q,y!* (x, 2, 2, 2) 
x — Q,' (x, 2, 3, 2) 
— 4! (x, 2, 4, 2) 
— 0,4! (x, 2, 5, 2) 


FIGURE 6. Plots of the polynomials Qh) (a, 2,k,2) for randomly selected 
special cases when k € {0,1,2,3,4,5} with n = 4 and x € [—5, 5]. 


Figure [7| is obtained by n = 4, k = —8, a = 2, and y € {0,1,2,3,4,5} using (1.31) for 
x € [—5, 5]. 


Qn'5) (x, y, k, a) 


— Q,!* (x, 0, -8, 2) 
— Q,!*) (x, 1, -8, 2) 
— Q,'* (x, 2, -8, 2) 
x — Q,') (x, 3, -8, 2) 
— 0,4! (x, 4, -8, 2) 
— Q,!* (x, 5, -8, 2) 


FIGURE 7. Plots of the polynomials Qs) (x,y, —8,2) for randomly selected 
special cases when y € {0,1,2,3,4,5} with n = 4 and a € [—5, 5]. 


Figure [8] is obtained by n = 15, k = —8, a = 2, and y € {0,1,2,3,4,5} using (1.31) for 
x € |—6, 6]. 
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Qn!) (x, y, k, a) 


— Qys'*) (x, 0, -8, 2) 
— Qy5'*) (x, 1, -8, 2) 
— Qs!" (x, 2, -8, 2) 
— Q5!* (x, 3, -8, 2) 
— Qys'° (x, 4, -8, 2) 


-5.0 «1017 | — Qs) (x, 5, -8, 2) 


-1.0 «1018 | 


FIGURE 8. Plots of the polynomials Qs) (x,y, —8,2) for randomly selected 
special cases when y € {0,1,2,3,4,5} with n = 15 and a € [—6, 6]. 


5. CONCLUSION 


Special numbers, special polynomials and trigonometric functions are among remarkably 
wide used in applied mathematics, combinatorial analysis, mathematical analysis, analytic 
number theory, mathematical physics, and engineering. Recently using different techniques 
and methods, many properties of parametrically polynomials involving trigonometric func- 
tions have been studied by many researchers. Using both the generating functions and their 
functional equations techniques and some known results, we obtained many interesting iden- 
tities, combinatorial sums and inequalities including the Euler numbers and polynomials of 
higher order, the Bernoulli numbers of higher order, the Changhee numbers, the Daehee num- 
bers, the parametrically generalized polynomials, the Stirling numbers and also well-known 
special polynomials. By using Mathematica with the help of the Wolfram programming 
language, we gave some plots of the parametrically generalized polynomials under the spe- 
cial cases. Consequently, the results of this article have the potential to be used both pure 
and applied mathematics, physics, engineering and other related areas, and to attract the 


attention of researchers working in this areas. 
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ABSTRACT. Let (IM, g) be an m-dimensional Riemannian manifold. In this paper, we in- 
troduce an other class of metric on (M™, g) called Mus-gradient metric. First we investigate 
the Levi-Civita connection of this metric. Secondly we study some properties of harmonicity 
with respect to the Mus-gradient metric. In the last section, we investigate the harmonicity 
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1. INTRODUCTION 


The theory of harmonic maps studies the mapping between different metric manifolds 
from the energy-minimization point of view (solutions to a natural geometrical variational 
problem). This concept has several applications such as geodesics, minimal surfaces and 
harmonic functions. Harmonic maps are also closely related to holomorphic maps in several 
complex variables, to the theory of stochastic processes, to nonlinear field theory in theoretical 
physics, and to the theory of liquid crystals in materials science. The last years this subject 
has been developed extensively by several authors (for example see [I], [3], [4], [5], [7], [8], 
[12], [70], (2), etc...). 

The main idea in this note consists in the modification of the metric of the Riemannian 
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manifold (M/™,g). Firstly we introduce the Mus-gradient metric on M noted by g and 
we investigate the Levi-Civita connection of this metric (Theorem [2.1). Secondly we study 
the harmonicity with respect to the Mus-gradient metric, then we establish necessary and 
sufficient conditions under which the Identity Map is harmonic with respect to this metric 
(Theorem [3.2] and Theorem 3.4). Next we study the harmonicity of the map o : (M,g) —> 
(N,h) (Theorem |3.6) and the map o : (M,g) —> (N,h) (Theorem|3.8). In the last section, 
we investigate the harmonicity of Mus-gradient metric on product manifolds (Theorem [4.1] 


to Theorem [4.7). We also construct some examples of harmonic maps. 


2. MUS-GRADIENT METRIC 


Definition 2.1. Let (M™,g) be a Riemannian manifold and f : M —-]0,+o0[ be a strictly 


positive smooth function. We define the Mus-gradient metric on M noted g by 


where x € M and X,Y € S§(M), f is called twisting function. 


In the following, we consider ||grad f\|| = 1, where ||.|| denote the norm with respect to 


(M™, 9). 


Lemma 2.1. Let grad f (resp. grad f) denote the gradient of f with respect to g ( resp. @), 


then we have 


grad f a grad f. (2.2) 


1 
ft+i1 
Proof. We have 


X(f) = g(X,grad f) 


on the other hand, we have X(f) = 9(X, grad f), then 
as ade ieee = —~— 
HX grad f) = +(G(X,grad f) ~ WX, grad f) 


Z ix. grad f) 


—~— 1 
so, thus grad f = f4i grad f. 
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We shall calculate the Levi-Civita connection V of (Mg), as follows. 


Theorem 2.1. Let (M™,g) be a Riemannian manifold, the Levi-Civita connection V of 


(M™,g), is given by 


Tx¥ = Vx¥4 ADy 4 Hy 
Hesss(X,Y) X(f)Y(f)  g(X,Y) che 
er as ie C2 eC ahaa ey 


for all vector fields X,Y € Sj(M), where V denote the Levi-Civita connection of (M™,4q) 


and Hesss(X,Y) = 9(Vxgrad f,Y) is the Hessian of f with respect to g. 
Proof. From Kozul formula and Lemma [2.1] we have 


25(Vx¥,Z) = XG(Y,Z)+YG(Z, X) — Z9(X,Y) + 5(Z, [X, Y]) 
+5(Y,[Z, XI) - (X,Y, 21) 
= X(fol¥,Z) +¥ (AZ) + ¥ (F(Z, X) + ZA) X(/) 
~2( fol X,Y) + X(MY(A)) + fo(Z[X.Y) + 2X) 
+fo(¥,1Z,X1) +¥ (NZ, XM) — FoX [Y, 21) 
-X(/)IY ZU) 
= X(f)g¥Z) + FXa(¥, 2) + XV NSN) FY NX(ZUN) 
+¥ (f)g(Z,X) + FV 9(Z,X) + ¥(ZA)X(N) + ZIN¥ (X(N) 
-2(f)g(X,¥) — $Z9(X,¥) - Z(X(N)¥(N) — X(NZ()) 
+fo(Z,[X,Y)) + ZF) (X(V(A) — ¥(X(N)) + Fo(% 2, XD) 
+¥(f)(Z(X(f)) — X(Z(A))) — Fo XYZ) 
-X(f)(Y(Z(f)) - 2 (A) 
= 2fg(Vx¥.Z) + X(fg(¥,Z) + ¥(f)9(Z.X) — ZN 9(XY) 
42X(¥(/))Z(A) 
= 29(VxY, Z) — AVxY)(f)Z(f) +2X(V (AZ) 
AD (ay,z) — (21) +P iz, x) - XU) 


—Z2(f)g(X,Y). 


+ 
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From the definition of Hessian, we obtain 


29(VxY, Z) 


2a(Vx¥, 2) + Way, 2) + Wayz, x) 


+ (2Hesss(X,Y) 


AT ee 

oF ae af 

X(f)Y (Ff) 
ci 


9(X,Y))Z(f) 


= 29(VxY 4 X, Z) 


42(Hess;(X,Y) ; o(X,Y)) (grad f, Z). 


From the formula (2.2), we get 


X(f) Y(f) 

ee 

aia dee, AAV) GAY) 
f+1 Fei) 27+) 


Lemma 2.2. Let (M™,g) be a Riemannian manifold, then for all vector field X € S}(M), 


VxY = VxY4 


)grad f. 


we have 


Vxgrad f = Vxgradf 4 aX Tier 


grad f. (2.4) 


Proof. Using the theorem |2.1} we have 


Vxgrad f = Vxgrad f+ WP grad f+ SOD 
By aaa ee X(f)(grad f)(f) o(X, grad f) 
fri FF+0) (fF +1) 


Since ||grad f|| = 1, we obtain (grad f)(f) = 1 and Hessr(X, grad f) = 0. then we get 


Vxgrad f = Vxgradf 4 ; xX X(f) 


fo af(f +1) 


3. HARMONICITY OF MUS-GRADIENT METRIC 


xX 


rad f. 


grad f. 


Consider a smooth map ¢: (M™,g) + (N",h) between two Riemannian manifolds, then 


the second fundamental form of ¢ is defined by 
(Vdd)(X,Y) = V&dg(Y) — do(VxY). (3.5) 


Here V is the Riemannian connection on M and V® is the pull-back connection on the 
pull-back bundle ¢~'T'N. The tension field of ¢ is defined by 
7(@) = tracegVded = )~ (V%,de( Bi) — do(V 5, Ei), (3.6) 
i=l 
where {Fi}; 
only if 7(¢) = 0. 


is an orthonormal frame on (M™,g). A map ¢ is called harmonic if and 
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Remark 3.1. Let (M™,g) be a Riemannian manifold and g the Mus-gradient metric on M. 
If Ba ee be an orthonormal frame on (M™,g), such that E, = grad f, the set {Ej}, 


which is defined as below, is an orthonomal frame on (M™,@), then 


= 
Ey = —— f,, FE; = 


Viti vi 


where f : M -]0,+00[ be a strictly positive smooth function. 


~ il 
E;, i= 2,™, (3.7) 


Theorem 3.1. The tension field of the Identity Map I: (M™,g) > (M™, gq) is given by 


1 /(m—2)f+m-1 
i) = A df, 3.8 
Sa ea (f)) grad f (3.8) 
where A(f) = trace, Hesss = i", g(Ve,grad f, E;). 
Proof. Let {Ej}, be a locale orthonormal frame on (MM, g) defined by (3.10), 


then 


elk 
= 
I 


(VE dI(E;) — dI(V 5 Fi) 


— Sy Elf) = ,Hessy(Bi, Bi) Bf)? 9 (Bi, Bi) 
7 om a fee! ff+) 2¢+D 


= A(f) 1 | i 


)grad f) 


m—1 
= FFan f(f+1)° Ff +1)? © 2f +1)? | Fa snare 
= 1 (m—2)f+m-—-1 - 
7 7+)! 2f+1) A(f))grad f. 


From the Theorem [3.1] we obtain 


Theorem 3.2. The Identity Map I : (M™,g) > (M™,g) is harmonic if and only if f = 
const or 


(m—2)f+m-1 
2(f + 1) 


A(f) = (3.9) 


Example 3.1. Let M =]0,+00[x pR™—! be the Riemannian twisted product manifold equipped 


with the Riemannian metric g defined by 
g= dx? + F(21) gpm-1 
Were Gpm-1 is the standard metric and 


Al 


m-2,, _i_ 
F (#1) = e™-1"" (41 + 1)™-1. 
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Let f(11,--+ ,&m) = £1, it’s clear that ||gradf|| = 1 
as we have 
(m—2)f+m-—-1 
2(f + 1) 
So, thus the Identity Map I: (M™,g) > (M™,g) is harmonic. 


A(f) = 


Example 3.2. Let m = 2 and f(x,y) = Fi(y — Iv) + Fo(y + Ix) + 5x? + sy", where 
Fi, Fo: C > Ri and I? =-1. Then the Identity Map I : (M™,g) > (M™,g) is harmonic. 


Theorem 3.3. The tension field of the Identity Map I: (M™,g) > (M™,@) is given by 


1 2—m 
= =—(A = : 1 
(I) Fat! (f)+ 5 )grad f (3.10) 
Proof. Let {£i};-tgm be a locale orthonormal frame on M, then 
r(I) = SY) (Vp,dI(Ei) - dI(Va,Ei)) 
i=1 


S> Varn, dl (Ej) — Ve, Ei 
i=1 


m 


= \0Vz,E; -VaEFi 

i=1 
— wo Ef)», -Hess(Ei, Ei) Elf)? g (Fi, Ei) 
= UO + a Few” 2) 
= A(f) 1 m 
= orad f+ (FT FRET aH ITA 

1 2—- 

= 3yql-g tA) grads. 


From the Theorem [3.3] we obtain 
Theorem 3.4. The Identity Map I: (M™,g) > (M™,g) is harmonic if and only if 
A(f) = ——. (3.11) 


Example 3.3. The Identity Map I : (IR?,g = dx”) — (IR?,g) is harmonic if and only if 


ar oy 
A — = 0. 3.12 
(f) (an)? * (Oy)? (3.12) 
Example 3.4. Let M =]0, too[xJ=, a be endowed with the Riemannian metric g in 


polar coordinate defined by 


g= dr? + r7de?. 
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The non-null Christoffel symbols of the Riemannian connection are: 
2 2 Li 
Pig =Po, = 7 Poo = —r. 


Relatively to the orthonormal frame 


—_ 7) ene 10 
tT Or? 7 a8’ 
we have 
0 -10 
Ve el = Ve,e2 =0, Vere1 = 7250" Ves€2 = ar 
Let f(r,@) = rsin(@ + — D for all (r,@) € M. 
By direct ae ie we obtain 
wT. O ) 
grad f = sin(O+ Dar + —cos(@ + 1) 30° 
grad fl| = 1, 
A(f) = 0. 


By virtue of the Theorem|3.4] 4| the identity map I : (M™,g) > (M™,g) is harmonic, where 
g = (rsin(O + ") + sin?(6 + *))ar? +r?(rsin(6 + *) + cos?(6 + *)) a6? + rcos(26)drdé. 


Theorem 3.5. The tension field of the map a : (M™,g) —> (N",h) is given by 


- 7 Ls il (m—2)f+m-1 ee 
FEF ea Vaotoraa 40 9"A4 1), (3.13) 


where f : M —]0,+00| be a strictly positive smooth function and T(o) is the tension field of 


a0:(M,g) — (N,h). 


Proof. Let {E; }ictm be a locale orthonormal frame on (M™,g) defined by (3 (3.10), 
then 
ri) = So (VE do(E — do(V E;)) 
i=1 


II 
iM 
<J 
esti) 
= 
uM 
Q 
=) 
<J 
= 
& 
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By direct computations we obtain 


2a = VE E+) VG Ei 


4=2 
it 1 Lr | if 
V3 Ey 4 Vo. Ei; 
JP a Tp + Pa 
| 1 
= .__ 4g df= d d 
AP + IP o(grad f) FFE) Yd (orad f) o(grad f) 
1 m 
+= 5) V%,do(Ei), 
a 
and 
So do(V¥ E;) = do(S> VEE) 
4=1 i=1 
= do(V¥ E+) VER) 
4=2 


_ ly AW) _m=-1 
hence we get 
ae: ai = 1 ;(m=2)f+m—-1 
T(o) = Faas * 7Ga1! AFD) A(f))do(grad f) 
1 
FF ED W doloraa yo (grad To 


From the Theorem [3.5] we obtain 


Theorem 3.6. Let o : (M™,g) —> (N",h) be harmonic. Then the map o : (M™,g) — 
(N",h) is harmonic if and only if 


- 1 (m—2)f+m—-1 
+5 Vinton 9'40(9rad J). (3.14) 


Example 3.5. If we set 0 = Idy and f = const then o : (M™,g) —> (N",h) is harmonic. 


Lemma 3.1. Given a smooth map o : (M™,g) —> (N”,h) between two Riemannian 


manifolds and f € C°(N), then we have 


A(foa) = tracegHess;(do,do) + df(r(a)). (3.15) 
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Proof. Let X,Y € S}(M), we have f og € C®(M) then 


Vd(foo)(X,Y) = V¥7d(foo)(Y) —d(foo)(V¥Y) 


= Vi df (do(¥)) — df(do(V¥Y)) 


= Wadf(do(X),do(Y)) + df(Vaocxydo(Y)) — df (do (VXY)) 


= Wdf(do(X),do(Y)) + df(Vdo(X,Y)). 
By passing to the trace in the last equation and using 
trace,Vdf = trace, Hess + 
we get 


A(foo) = tracegHess;(do,do) + df(r(c)). 


Theorem 3.7. The tension field of the map a : (M™,g) — (N",h) is given by 


T(o) = t(o)+ plalgradl J o@)) 


1 
+547 (Alf ee) — df(r(c)) 


l|grad(foa)||? _ Idol? 
f 2 


)(grad f) oo, (3.16) 


where f : N —+]0,+00[ be a strictly positive smooth function and r(c) is the tension field of 


a :(M,g) — (N,h). 
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Proof. Let {F;}, be a locale orthonormal frame on (M™,g), then 


i=I,m 
#0) = 0 (Vi,do(Ei) — do(V EE) 
= Yaa do(Bd) — do(VEE)) 


= OWN ey do( By + CO aac, 


t=1 f 
yg ee ee) (do(E;)(f))? 
f+l fF +1) 
OE) (grad f)oo - do(Vi, E;)) 
= 3 (V%,do(E;) — do(V¥ B;) + 2 o) a 
i=l 
pgs eee Es dae) (E;(f 00)? 
f+l ff +1) 
h(do(E;),do(E;)) 
Xf ED \(grad f) 0c) 
= t(o)+ lo grad(f oo)) 
trace Hess(do,do) — ||grad(f oc)||? \|do|? 
( f+1 FRI) AF+ 1) rad s)ee 


= t(o)+ ila(grad(f oa)) 


A(foo)—df(r(a)) _ |lgrad(foa)|? —_|\doll? 
ss oe E+ aF+n/ wradhee 
= t(o)+ o(grad(f o@)) 
1 lIgrad(foo)|? _ Idol? 
+52 (Alfo0) —af((a)) oI (grad f) 00. 


From the Theorem [3.7] we obtain 


Theorem 3.8. The map o: (M™,g) —> (N”, h) is harmonic if and only if 


lIgrad (fool? _ |\doll? 
f 


do(grad(f 0 o)). (3.17) 


t(o) = H(A (foo) —df(r(o)) )(grad f) oo 


SY 
rt 
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4. HARMONICITY ON PRODUCT MANIFOLD 


Let (MM, g) and (N,h) be a Riemannian manifolds. 


Definition 4.1. Let (M,g) and (N,h) be two Riemannian manifolds of dimension m and 


n respectively. We define the product metric on M x N by 
G=ngtnth 


where 7: Mx N —> M andyn: M x N — N denote the first and the second canonical 


projection. 


Proposition 4.1. For all vector fields X1, X2 © H(M) and Yi, Yo € H(N) we have 


G((X1,¥1), (X2,Y2)) = g(X1, X2) + A(%1, Yo) 
G((X1,0), (X2,0)) = g(X1, X2) 


0. 


) 
) 

G((0, Yi), (0, Y2)) -_ AY, Y3) 
) 


G((X1,0), (0, ¥2) 


Subsequently, if X € H(M) and Y € H(N), then we denote (X,Y) by X + Y. 


Remark 4.1. e Any vector field of H(M) is orthogonal to all vector fields of H(N). 

e Let (Fj,...,Em) (resp (Em+4i,--; Emtn)) 1s an orthonormal basis of H(M) (resp H(N)) 
then (F\,...,Em+n) 1s an orthonormal basis of H(M x N). 

e Let f € C*(M), then A(f) = 02, Hess; (Ei, E). 


Proposition 4.2. Let (M,g) and (N,h) be two Riemannian manifolds. If MV (resp XV) 
denote the connection of Levi-Civita on M (resp N), then the levi-civita connection V on the 
manifold M x N associated with the product metric G = n*g + *h is verifies the following 


properties: 
Vx, X2 =“ Vx, X2 
VviY2 =" Vy, Yo 
Vx = Vy, X2 =0 


V (x,4%) (Xa + ¥2) = Vx X2 +" Vin ¥ 
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for any X1,Y¥, € H(M) and X2,Y2 € H(N). 


Lemma 4.1. Let (M™,g) and (N",h) be two Riemannian manifolds and f €¢ C°(M). If 
P:(a,y)€MxNoyeEN (resp P: (t1,y)€ Mx N > (0,y) € M x N) is the second 
projection, then we have 
grad(f) = gradg(f) = grad,(f), 
dP(grad(f)) = 0, 
~ XxX 
dP(VxX) = aP(Vxx) += WDarcx) (4.18) 
where X € H(M x N). 


Proof. The proof of the formula (4.18) is a direct consequence of Theorem |2.1 


Theorem 4.1. Let (M™,g) be a Riemannian manifolds and (N",h) be an Euclidian mani- 
fold. If f € C°(M) is a smooth positif function, then the second projection 
P:(MxN,G) > (N,h) 
(x,y) re y 


is harmonic map. whereG=g+h. 


Proof. Let (£1, ..., £m) be an orthonormal basis on (I, g) such as E; = grad(f) and 
(Em41, +--+; m+n) be an orthonormal basis on (N”,h) such as NY 2. E; =0, (4,7 >m+1), 
then (F4,..., m+n) is an orthonormal basis on (M x N,g +h). 

From Lemma [4.1] we obtain: 


NY a pag t P(E) = dP(V Ei) 7 —d P(VzE;) 


for 1 <i<m, and 


Vary t P(E) —aP(V gE) = “Vg Bi-aP(V zB) 


= 0 


form+1<i<m-+n. We therefore deduce 7(P) = 0. 


We find the same result for the following theorem 
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Theorem 4.2. Let (M™,g) be a Riemannian manifolds and (N",h) be an Euclidian mani- 


fold. If f € C°(M) is a smooth positif function, then 


P:(MxN,G) > (MxN,G) 


(x,y) > (0,9) 
is harmonic map. whereG=g+h. 


Theorem 4.3. Let (M™,g) be a Riemannian manifolds and (N",h) be an Euclidian mani- 


fold. If f € C°(M) is a smooth positif function, then the tension field of 


P:(MxN,G) > (MxN,G) 


(x,y) > (0,y) 


is given by 
(P) = 5 ——grad(f) 
= r . 
me Fe 
Proof. Similarly to the proof of Theorem [4.1] we obtain 


Var(ndP(Ei) -dP(Vn,E;) = 0, (i<m). 


Theorem 4.4. Let (M™,g) be a Riemannian manifolds and (N",h) be an Euclidian mani- 


fold. If f € C°(M) is a smooth positif function, then the tension field of 


P:(MxN,G) > (MxN,G) 


(x,y) > (0,y) 


is given by 


whereG=gth. 
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Proof. Let i € {m+1,..,n+m)}, from Theorem [2.1] and Lemma|4.1] we obtain 


Vg Bi —dP(VgEi) 


Vap(eyd P(E) — dP(V x Ei) 


= Vg Ei-dP(Vg Ei) 


_ -G(E;, Ej) 
= BaF rae) 


1 
ee a 


Example 4.1. Let (M,g) = (IR™, dx”), (m>3) and f(a, x2, 03.....-;Lm) 
= f(x%1,22) such that (gf)? oF (2£)? =1. If we put 


P:(M,g) + (M,g) 
(Hr ots ete) Ee (00a Ta) 


then we obtain 


dP(VxX) = aP(Vxx) += Wa r(x) 
So 
HP) = S Visi PR) -— ld P(VeB) 
= 0. 


Then P is harmonic. 


On the other hand, the tension field of the projection 


Therefore, P is non-harmonic. 
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Theorem 4.5. Let (M™,g) be a Riemannian manifolds and (N",h) be an Euclidian mani- 
fold. If f € C°(M) is a smooth positif function, then the tension field of 


Q:(MxN,G) > (M,g) 


(x,y) > 2 


is given by 
ae _(ntm—2)(f+1)+1 
1Q)=—Fa [AW ESI rad(f). 
Proof. Let (£),..., £m) be an orthonormal basis on (M™, g) such as E; = grad(f) and 


(Em+1, +; Em+n) be an orthonormal basis on (N”,h) such as NVz,E; =0, (i,j >m+1), 


then (£4, ...,£m+4n) is an orthonormal basis on (M x N,g +h). 


From Remark [3.1] and Theorem [2.1] we have: 


man m+n 


> [Vie tO) -4Q(VgB)| = -— Yo dO(¥—B) 
i=m+1 i=m+1 
. — CEB 
2, FED saath) 
= oa 7 pr) 
Ei(f)~ , (Ei(f))” G(Ei, Ei) 
; ta eh) + Seay gad) 
1 1 1 
= FUR +1 9 el) + Fey ayaa) + P+ 1yesree) 
= —1 Hess (£4, F1) 
= laa ey lr 


MM: 


Il 
wo 
«3. 


[Vaan t QB) ~ 40% B)] = So[MV RR Fp Bi] 
j=2 


— WAGE, Ei)  Hesss(Ei, Ei) 

7 lagen f(f +1) 

_ | m—1 A(f) 
2f(f+1)  f(f+1) 


|grad(f) 


grad({). 
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Theorem 4.6. Let (M™,g) be a Riemannian manifolds and (N",h) be an Euclidian mani- 
fold. If f € C°(M) is a smooth positif function, then the tension field of 

Q:(MxN,G) > (Mx N,G) 


(7,y) +> (2,0) 


is given by 


eae (6s) 


The proof of Theorem follows immediately from the Remark Remark and 
Theorem [2.1] 


grad(f). 


Theorem 4.7. Let (M™,g) be a Riemannian manifolds and (N",h) be an Euclidian mani- 


fold. If f € C°(M) is a smooth positif function, then the tension field of 


Q:(MxN,G) > (Mx N,Q) 


(,y) +> (#,0) 


is given by 
1 (2=m)f-l=m 
T = ——_JA rad 
@)= sey l40- Gan lore 
Proof. Let (£1, ..., £m) be an orthonormal basis on (IV, g) such as E; = grad(f) and 


(Em+1; +--+; m+n) be an orthonormal basis on (N”,h) such as NV g,E; =0, (i,j >m+1), 
then (F4,..., m+n) is an orthonormal basis on (M x N,g +h). 
From Remark [3.1] Remark [4.1] and Theorem [2.1] we obtain: 


Vaace,4 Q(Ei) = dQ(Vz, Ei) 0, (m+1<i<m+n). 


Vague, Q(E1) —dQ(Va,Fi1) = VanE1-Va,Ei 
a i. 1 
iP) 27 1)? 


|orad(f). 


cee 1 
f(f +1) 2f(f +1) 


Vaa(nyd Q(B) — dQ(Va, Ei) 


| grad(f). 
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ABSTRACT. Conformal slant Riemannian maps from almost Hermitian manifolds to Rie- 
mannian manifolds are introduced. We give a non-trivial example of proper conformal 
slant Riemannian maps, obtain conditions for certain distributions to be integrable and find 
totally geodesicity conditions for leaves of distributions. We adjust the notion of plurihar- 
monicity by considering distributions on the total manifold of a conformal slant Riemannian 
map, and get conditions for such maps to be horizontally homothetic maps. 
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1. INTRODUCTION 


The concept of Riemannian submersion was introduced by Gray and O’Neill [19]. 
Then, this notion was widely studied [10] and new kinds of Riemannian submersions such as 
invariant, anti-invariant and slant submersion were introduced [26]. Let F' be a Riemannian 
submersion (respectively, horizontally conformal submersion, m > n) from (M™,g,,, J) an 
almost Hermitian manifold to (N”,g,,) a Riemannian manifold. If the angle 6(U) between 
the space (kerF,,) and JU is a constant for any non-zero vector field U € '(kerF»); p € M, 
i.e., it is independent from the choice of the tangent vector field U in (kerF).,) and choice 
of the point p € M, then we say that F is a slant submersion (respectively, conformal slant 
submersion) [22]. 
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The notions of isometric immersions and Riemannian submersions are generalized by Rie- 
mannian maps between Riemannian manifolds [19]. Let F : (My, 91) —> (Ma, 92) 
be asmooth map between Riemannian manifolds such that 0 < rankF < min{dim(M,), dim 


(M2)}. So, the tangent bundle TM, of M; has the sequent decomposition: 


TM, =kerF. ® (kerF,)*. 


Because of rankF < min{dim(M;), dim(M2)}, we always have (rangeF,)+. Consequently, 


the tangent bundle TM» of Mo has the sequent decomposition: 
T M2 = (rangeF,) ® (rangeF,)+. 


Hence, a smooth map F': (Mj, 91) —> (M3", 92) is called Riemannian map at pi; € M, if 


the horizontal restriction F”, : (ker Fxp,)+ —> (rangeF,) is a linear isometry. Therefore a 


*D1 


Riemannian map provides the equation 
n(E, G) = g2(F.(E), F.(G)) (1.1) 


for E,G € T((kerF,)+). Isometric immersions and Riemannian submersions are particular 
Riemannian maps with ker F, = {0} and (rangeF,)+ = {0}, respectively, [II]. As an another 
generalization of Riemannian submersions defined and studied independently horizontally 
conformal submersions [15]. By following these studies and B. Sahin’s papers including 
anti-invariant Riemannian, semi-invariant, slant submersions (see also [20]) and conformal 
anti-invariant [3], conformal slant [7], conformal semi-invariant [4] and conformal semi-slant 
submersions have appeared in the literature. At the same time, the notion of slant 
submanifolds was introduced by Chen [9]. Inspiring from this notion, as a general map of 
Hermitian, anti-invariant and slant submersions, slant Riemannian maps were given in [24}(25] 
as follows; let F' be a Riemannian map from an almost Hermitian manifold (M,g,,,J) toa 
Riemannian manifold (V,g,,). If the angle 6(U) is a constant between JU and the space 
ker F,, for any non-zero vector field U € I'(kerF,,); i.e., it is independent from the choice of the 
tangent U in kerF, and choice of the point p € M, then we say that F is a slant Riemannian 
map [25]. On the other hand, we say that F : (M™,gm) —> (N",gn) is a conformal 
Riemannian map at p € M if 0 < rankFip < min{m,n} and F,, maps the horizontal space 


(ker F,))+) conformally onto range(F,,), i-e., there exist a number \?(p) 4 0 such that 


gn (Fep(E), Fep(G)) = A? (p) gu (E, G) 
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for E,G € T((kerF,»)+). Also F is said to be conformal Riemannian if F is conformal 
Riemannian at each p € M [21]. Conformal Riemannian maps have many application areas, 
some of them are computer vision [16], geometric modelling and medical imaging [30]. 
In a previous paper, the second author and Akyol have studied conformal slant Riemannian 
maps from a Riemannian manifold to a Kaehler manifold and they have studied the geometry 
determined by the existence of these maps [5]. 

In this paper, we present conformal slant Riemannian maps from almost Hermitian man- 
ifolds to Riemannian manifolds, investigate geometric properties of the base manifold and 
the total manifold by the existence of such maps and give examples. We also obtain certain 
geodesicity conditions for conformal slant Riemannian maps. Moreover, we obtain several 
conditions for conformal slant Riemannian maps to be horizontally homothetic maps by using 


the adapted version of the notion of pluri-harmonic maps. 


2. PRELIMINARIES 


In this section, some definitions and useful results which will be used at this paper for con- 
formal slant Riemannian maps are given. Let (M,g,,) and (N,g,,) be Riemannian manifolds 
and suppose that F' : M —+ N is a smooth map between them. The second fundamental 


form of F' is given by 


N M 
(VF.)(X,Y) = VEFA(Y) -— F.(VxY) (2.2) 


N 
for X,Y € 1 (TM). We know that (VF,) is symmetric [I7]. Here, V" is pull-back connection 


N 
of V on N along F. 
Let F be a Riemannian map from a Riemannian manifold (IM, g,,) to a Riemannian 


manifold (N",g,,). We characterize T and A as 


M M 
AxY = AVnaxvY +vVaxhy, (2.3) 


M M 
TxY = AVyxvY +vVoxhy, (2.4) 


for X,Y € I'(TM), where Vv is the Levi-Civita connection of g,,.. Actually, we could see 
that these are O’Neill’s tensor fields for Riemannian submersions [19]. 7x and Ax are skew- 
symmetric operators and reversing the vertical and the horizontal distributions on (((7'M), g) 
for any X € I(TM). Also, it can be seen easily that 7 is vertical, Tx = Tix, and A is 


horizontal, Ax = Apnx. We should know that 7 is symmetric on the vertical distribution 
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[10] [19]. Following these, from (2.3) and (2.4) we have 


M me 

VuV = TyV+Vv0V, (2.5) 
M M 

VuE = AVVE+TVE, (2.6) 
M M 

VEV = AgV+vVEV, (20) 
M M 

VeG = hAVEG+AkRG (2.8) 


for E,G €T((ker F,)+) and U,V €T(kerF,), where VyV = svav [10]. 

A vector field on M is called a projectable vector field if it is related to a vector field on 
N . Thus, we say a vector field is basic on M if it is both a horizontal and a projectable 
vector field. From now on, when we mention a horizontal vector field, we always consider a 
basic vector field [8]. 

On the other hand, let F' be a conformal Riemannian map between Riemannian manifolds 


(M™,9,,) and (N”,g,,). Then, we have 
(VF.)(E,G) |ranger. = E(ImA)F.(G) + G(Ind)F,(E) 


= gm (E, G)F, (grad(In r)), (2.9) 


N 
where E,G €I((kerF,)+) [6,21]. Therefore from lo oh, we obtain VEF.(G) as 


VER(G) = F.(hV 9G) + E(In)F,(G) + Gnd) F.(B) 


— gv(E,G)F,(grad(In )) + (VF,)+(E, G) (2.10) 


where (VF,)+(E, G) is the component of (V F,)(E, G) on (rangeF,)+ for E,G € I'((kerF,)+) 


[28]. 
Finally, we recall the following notion. A map F' from a complex manifold (M, gy, J) to 


a Riemannian manifold (NV, gy) is a pluriharmonic map if F’ provides the following equation 
(VF.)(X,Y) + (VE,)(JX, JY) =0 (2:11) 
for X,Y € T(TM) [18]. 


3. CONFORMAL SLANT RIEMANNIAN MAPS 


In this section we are going to introduce conformal slant Riemannian maps as a gen- 
eralization of slant Riemannian maps and conformal slant submersions, present examples 
and examine the geometry of source manifolds, target manifolds and maps themselves. We 


present the sequent definition. 
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Definition 3.1. Let F : (M,gu,Jm) — (N,gn) be a conformal Riemannian map from 
an almost Hermitian manifold (M,gu,Ju) to a Riemannian manifold (N,gn) . If for any 
non-zero vector X € I (kerF,) at a point p € M; the angle 0(X) between the space ker F, and 
JumX is a constant, i.e. it is independent of the choice of the tangent vector X € I(kerF,) 
and choice of the point p € M, then we say that F' is a conformal slant Riemannian map. In 


this situation, the angle @ is called the slant angle of the conformal slant Riemannian map. 


We say that a conformal slant Riemannian map is proper if F’ is not a conformal invari- 
ant and a conformal anti-invariant Riemannian map. The sequent example is for a proper 


conformal slant Riemannian map. 


Example 3.1. Let F : (R*,94,J) —> (R*,g4) be a map from a Kaehlerian manifold 
(R*, 94, J) to a Riemannian manifold (R*, 94) defined by 


(e*? sin v4, e*? cos 24, —e*? sin 44, —e"? cos £4). 


Then, F is a conformal Riemannian map with X = e722 and rankF = 2. One can easily 
see that F is a proper conformal slant Riemannian map with the slant angle 0 = a via 


Ja = cos a(—c, —d, a, b) + sina(—b,a,d,—c),O<a< §. 


Let F' be a conformal slant Riemannian map from a Kaehler manifold (M,gy,J) to a 


Riemannian manifold (N, gn). Then for V € I'(kerF,), we write 

JV = $V +oV, (3.12) 
where oV €I'(kerF,) and wV €T((kerF,)+). Also for X € I'((kerF,)+), we write 

IR SB eC (3.13) 


where BX €T(kerF,) and CX €T((kerF,)+). We have covariant derivatives of @ and w: 


M M . 

(Vyw)V = hVywV —wVvV, (3.14) 
M . . 

(Vud)V = VudV —- ¢VuV (3.15) 


for any U,V € T(kerF..). 


We give the following result by using equations (2.5), (2.6), (3.12), (3.13) and covariant 


derivatives of ¢ and w. 
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Lemma 3.1. Let F : (M,gu,J) — (N,gn) be a conformal slant Riemannian map from 
a Kaehler manifold (M,gu,J) to a Riemannian manifold (N,gn). Then F is a conformal 


slant Riemannian map, we get 
M ‘ 
hVuwV —wVuV =CTyV — Ty @V, 


VuédV — 6VuV = BTyV — TywV 


for any U,V €V(kerF;,). 
Now, we present the following characterization for conformal slant Riemannian maps. 


Theorem 3.1. Let F : (M,gu,J) — (N,gn) be a conformal slant Riemannian map from 
a Kaehler manifold (M,gu,J) to a Riemannian manifold (N,gn). Then F is a conformal 


slant Riemannian map if and only if there exists a constant \ € [—1,0] such that 
¢g’?U =U 
for U €V(kerF,). If F is a conformal slant Riemannian map, then \ = —cos? 0. 


Proof. For U € I'(kerF,) we have cos? = aaa Since M is a Kachler manifold, we 


get 

gu (¢°U, U) = —gu(oU, dU) = — cos? Ogu (U,V). 
Hence, we have ¢?U = AU. Conversely, suppose that ¢?U = \U for VU € T'(kerF,) with 
X € [-1,0]. Hence, we obtain 


gu(JU,6U) (UI 
|JoTe0 “90 


Using cos @ = toot in (3.16} we get \ = — cos? 6. 


From (3.12) and Theorem 3.1. we have the next result. 


cos = (3.16) 


Theorem 3.2. Let F : (M,gu,J) — (N,gn) be a conformal slant Riemannian map from 
a Kaehler manifold (M,gu,J) to a Riemannian manifold (N,gn) with the slant angle 0. 


Then, we have 


gu(oU,¢V) = cos? Ogu(U,V) (3.17) 


gm(wU,wV) = sin? @gy(U,V) (3.18) 


for any U,V €V(kerF;,). 
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Let F be a conformal slant Riemannian map from an almost Hermitian manifold (MM, gy, J) 
onto a Riemannian manifold (N, gy) with the slant angle 0; then we say that w is parallel 


M M 
with respect to V on ker F, if its covariant derivative according to V vanishes, i.e. 


M 
(Vyw)V =0 (3.19) 


for U,V € T(kerF;,). 
Theorem 3.3. Let F : (M,gu,J) — (N,gn) be a conformal slant Riemannian map from 


a Kaehler manifold (M, gu, J) to a Riemannian manifold (N,gn). If w is parallel according 


M 
to V on kerF,, then we have 


Tsu dU = —cos*6TyU (3.20) 
for U €T(kerF,). 
M 
Proof. If w is parallel according to V on kerF;,, we obtain using (3.14) and Lemma 
for U,V € T'(kerF,) 
CTyV = Tu @v. (3.21) 


Now, changing roles of U and V in (3.21) we get 
CTyU = Ty ou. (3.22) 
Because vertical vector field T is symmetric, from and we get 
Ty dV = Ty ou. (3.23) 
Since ¢?V = XV and for V = dU in we obtain 
— cos? OTyU = Tyy @v, 


which gives the assertion. 


Theorem 3.4. Let F : (M,gu,J) — (N,gn) be a conformal slant Riemannian map from 
a Kaehler manifold (M,gu,J) to a Riemannian manifold (N,gn). Then, two of the below 
assertions imply the third assertion, 
i: The horizontal distribution (kerF,)+ is integrable, 
ii- X (In A)gar(¥,woU) = ¥ (In \)gu(X,woV), 
iii- an (Fe(ChY xo +wAxwU), F.(Y)) + an(VEF, (wd), F(Y)) 
= gy (F.(ChV yu + wAywW), F(X) + gw (VER. (w$0), F(X) 


INT. J. MAPS MATH. (2022) 5(1):78-100 / CONFORMAL SLANT RIEMANNIAN MAPS 85 


for X,Y €T((kerF,)+) and U € I (kerF,). 


Proof. Now, for X,Y € T'((kerF,)+) and U € I'(kerF,), using (2.8) and (3.12), we 


obtain 


M M 
gm ([X, Y],U) = gu(VxJoU,Y) + 9um(JAxwU + JAVxwu,Y) 


M M 
= gu (Vy Ju, X) = gm(JAywU + JhVyw, X). 


Since F' is a conformal map, from Theorem [3-1], (2.8) and (3.13) we get 


gu((X,Y],U) = cos*6gur([X,¥],0) + xylan F(hV x60), FAC) 
+ gn(FewAxw), F.(V)) + on (E(CAV xwW), F.(V)) 
— gy(F.(hV yw), Fe(X)) — gw Fs wAyw0), F(X) 


~ gn(Fi(ChV¥ yw), F,(X))}. 


Now, from and (2.9) we have 


sin?0gu([X.Y]U) = <plon(F(ChV xu + wAxw), (Y)) 
= GRC ud teeth, AO) 
+ on (PAV EF. (w6), FY) 

— gx (FAVE (w$0), F(X) 
— X(Ind)gn(F.(w6U), FY) 
— w6U (In d)gn (F(X), F(Y)) 
+ gu(X,woU)gn (Fe(grad(In d)), F.(¥)) 
— gn ((VFs)"(X,w9U), FY) 
+ ¥(nA)gv(F.(wdU), F.(X)) 
+ w6U (n.d)gn(F.(Y), Fe(X)) 
— gu (¥,weU)gn(Fx(grad(In A)), Fx(X)) 


+ gn((VF.)"(Y,wdU), F.(X))}. 
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Using conformality of F we obtain 
2 1 M 
sin’Ogu({X,Y],U) = x2 ton (Fa (ChV xu + wAxw), FY) 
M 
_ gn (F(ChV yaw + wAywv), F.(X)) 
N 
+ gw Fi(VKF.(wGU), F.(Y)) 
N 
— gn (F.(VYF. (wo), F(X))} 
+ 2Y(IndA)gu(X,wdU) — 2X (InA)gu(Y, wd). 


The proof is completed from the above equation. 


Now we will examine the geometry of leaves of the vertical distribution. 


Theorem 3.5. Let F : (M,gu,J) — (N,gn) be a conformal slant Riemannian map from 
a Kaehler manifold (M,gm,J) to a Riemannian manifold (N, gn). Then, the vertical distri- 


bution kerf), defines a totally geodesic foliation on M if and only if 
gn (WV Fs) (U, JX), Fe(@V)) = gn (VER) U, X), Fx (woV)) 


for X €T((kerF,)+) and U,V €T(kerF,). 


Proof. Because of M is a Kaehler manifold and from Theorem 3.1., (3.12) and (3.13), 
we have 
M 2 M M 
gu(VuV,X) = —cos*Ogu(VuX,V) — gu(VuX,weV) 


M M 
= gu(VuBX,wV) — gu(VuCXx, wV). 
Hence we have 
tt M M 
sin“Ogu(VuV,X) = —gu(hVuX,wdV) — gm(TyBX,wV) 


M 
= gm (hVuCX, wV). 


Now, from we get 
M 1 M 
sin*0gu(VuV,X) = xa -gn (Fa (hVuX), Fx(woV)) 
a gn (Fx (Ty BX), F,(wV)) 
~ gn(F(hVuCX), Fe(wV))} 
= salon ((VF)U, IX), Few) 


a IN ((VFX)(U, X), F.(weV))}- 
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This completes the proof. 


Now, we examine the geometry of the horizontal distribution. 


Theorem 3.6. Let F : (M,gu,J) — (N,gn) be a conformal slant Riemannian map from 
a Kaehler manifold (M,gu,J) to a Riemannian manifold (N,gn). Then, two of the below 


assertions imply the third assertion, 


i- the horizontal distribution (kerF,)+ defines a totally geodesic foliation on M, 
ii- F is a horizontally homothetic map, 
N 
iti gu(AxY,U) = s29n(VXFA(Y), Fe (wo + CwU)) 


for X,Y €T((kerF,)+) and U € I (kerF,). 


Proof. Now, from (2.8), (3.17) and we have 


M M 
gm(VxY,U) = gm(JAxY + JhVxY, oU) 


M 
+ gm(JAxY + JAVXY, wU) 
M 
= cos*0gu(AxY,U) — gu(hVxY, JQU) 
M 
+ sin?0gu(AxY,U) — gu(hVxY, JwU) 


M M 
= gu(AxY,U) — gu(hVxY,wgU) — gu(hVxY, COU) 
for X,Y €T((kerF,)+) and U € T(kerF,). From and (2.9), we obtain 


M 1 N 
gu(Vx¥,U) = gu(AxY,U) — sy9n(VXFa(Y), Fe(wol + CwU)) 


+ X(IndA)gu(Y, wd) + Y (In \)gur(X,wdU) 


w@U (In A)gu (X,Y) + X(InA)gu(Y, Cw) 
+ Y(nA)gu(X, CoV) — CwU(IndA)gu (X,Y). (3.24) 
If the horizontal distribution (kerF,)+ defines a totally geodesic foliation on M for X,Y € 
N 

I'((kerF,)+), U € T(kerF,) and gy(AxY,U) = sgn (VEF.(Y), F.(woU + Cw)), we show 
that the map F is a horizontally homothetic map. If (i) and (iii) are satisfied, then we have 

0 = X(IndA)gu(Y,wgU) + Y (IndA)gu(X, we) 

— w@U(InrA)gu(X,Y)+ X(nA)gu(Y, Cav) 


+ Y(InA)gu(X, Cw) — CwU (In A)gu (X,Y) (3.25) 
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for X,Y € I ((kerF,)+) and U € I(kerF,). Suppose that X = wéU, Y = CwU in equation 
(3.25), we have 


CwU (In A) gu (woU, wU) + whU (In A)gu(CwU, Cw) = 0. (3.26) 


If CwU (In A) = 0 from we get whU (In A)gu(CwU, CwU) = 0 for CwU € I(C(kerF;,)+). 
Therefore A is a constant on I'(w(kerF,)). At the same time, if whU(InA) = 0 we derive 
CwU (In A)gu(wdU, whU) = 0 from for wéU € T(w(kerF,)). Thus \ is a constant on 
I'(C(kerF,)+). So, F is a horizontally homothetic map. The rest of the proof is clear. 

Now we are going to slightly modify the notion of pluriharmonic map and use this new 
notion to obtain certain conditions for conformal slant Riemannian maps to be horizontally 
homothetic map. We say that a conformal slant Riemannian map F' from a complex manifold 
(M, gu, J) to a Riemannian manifold (N, gy) is kerF,— (respectively, (ker F,)+, w(kerF,), 


1) pluriharmonic map if F satisfies the following equation 
(VE.)(U,V) + (VE,)(JU, JV) =0 
for U,V € T'(kerF,) (respectively, (kerF.)+, w(kerF,), ) 27 B83]. 


Theorem 3.7. Let F : (M,gu,J) — (N, gn) be a conformal slant Riemannian map from a 
Kaehler manifold (M,gm,J) to a Riemannian manifold (N,gn). If F is a ker F,—plurihar- 


monic map, then one of the below assertions imply the second assertion, 


i- F' is a horizontally homothetic map, 
M M 
ii- F(Ayy dV + Auv dU) = Fi (hVyuwdV + wTywV + ChVywV) 
and (VF,)+(wU,wV) = 0 


for U,V € T(kerF,). 


Proof. From the definition of ker F,—pluriharmonic map, (2.2) and (2.10), we have 


M M M M 
0 = F.(VuJOV + IVuwV) — F.(Veu eV) — Fa (Vuv el) 
M 
— F,(VoueV) + (VF) (WU, wV) + w (Ind) F,(wV) 


+ wV(IndA)Fi. (WU) — gu (wU,wV)F.(grad(In X)). 
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Now, using (2.6), (3.20) and Theorem 3.1., we get 


M M 
FP, (hVywoV +wIywV + ChVywV — Ayu eV — AyvdU) 


=) 
| 


+ (VF,)+(wU,wV) + w (In dA)F,(wV) + wV (In A)F, (w) 


gm (wu, wV)F(grad(In )). (3.27) 
If (i) is provided we have from (3.27) 
wU (In A) Fy (wV) + wV (In A) Fy. (WU) — gu (wU, wV) Fx (grad(In A)) = 0 


for U,V € T(kerF,,). So one can see second assertion clearly. Now if (ii) is satisfied in (3.27) 
M M 

we have F,(A,y@V+A,veU) = F.(hVywoV +wIywV +ChVywV) and (VF,)+(wU, wV) = 

0 for U,V € T(kerF,), respectively. Thus, by (3.27) we get 


0 = wU(Ind)F,(wV) +wV (In A) FY (WU) 
— gu (wu,wV)F,(grad(In A)). (3.28) 
For wU € T'(w(kerF,)) from (3.28) we get 0 = \?wV(In.\)gar(wU,wU), which implies that 


w(kerF,.)(grad(InA)) = 0. At the same time, from (3.28) if we take wU = wV and for 
X €T(C(kerF,)+) we get 


0 = 2\wU (In A)gu (X,wU) — 2X (In A) gu (wU, wU). (3.29) 


Because of ) is a constant on w(kerF,) we have 2\?wU (In \)gur(X,wU) = 0. Thus, by (3.29) 
we get \?X(InA)gy(wU,wU) = 0, which implies that (C(kerF,)+) (grad(In X)) = 0. Thus, 


H(grad(In )) = 0. It can be seen from here that F' is a horizontally homothetic map. 


Theorem 3.8. Let F : (M,gu,J) — (N,gn) be a conformal slant Riemannian map from 
a Kaehler manifold (M,gu,J) to a Riemannian manifold (N,gn). If F is a (kerF,)+— 
pluriharmonic map, then F' is a horizontally homothetic map if and only if the following 


conditions 

(VF,)+ (X,Y) + (VE,)+(CX, CY) =0 
and 

F,(Tpx BY + Acy BX + Acx BY) =0, 


are satisfied for X,Y € T((kerF,)+). 
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Proof. From the definition of a (kerF,)+-pluriharmonic map, (2.2) and (2.9), we 


have 
0 = (VF,)+(X,Y)+ X(nd)F.(Y) + Yn d)F,(X) 
— gu(X,Y)F,(grad(In )) + (VF,)+(CX, CY) + CX(Ind)F,(CY) 
+ CY(InA)F.(CX) — gu (CX, CY)F.(grad(In X)) 
— F.(VpxBY) = (Voy BX) = F.(VoxBY) 
or 
0 = WEY) +VE) CCY) ex no) 
+ Y(Ind)F.(X) — gu (X, Y)F,(grad(Im \)) + CX (In A) F,(CY) 
+ CY(Ind)F.(CX) — gu(CX, CY)F.(grad(In X)) 
— F,(TgxBY + Acy BX + Acx BY) (3.30) 
for X,Y €T((kerF,)+). If F is a horizontally homothetic map we have from equation (3.30) 


0 


X (IndA)F.(Y) + Y (In A) F(X) 

— gmu(X,Y)F.(grad(In \)) + CX (Ind) Fi(CY) 

+ CY(IMA)Fi.(CX) — gu (CX, CY)F.(grad(In \)) 
for X,Y € T'((kerF,)+). Since F is a horizontally homothetic map from (3.30) we obtain 
(VF,)+(X, Y)+(VF,)+(CX, CY) = 0 and F,(Tpx BY + Acy BX + Acx BY) =0 for X,Y € 
I'((kerF,)+). Now suppose that (VF,)+(X,Y) + (VF,)+(CX,CY) = 0 and F,(Tgx BY + 


Acy BX + Acx BY) = 0 in (3.30) for X,Y €I((kerF,)+), respectively. Thus, by (3.30) we 
get 


o 
II 


X(InaA)F,(Y) + Y(nA)F,(X) 

— gw(X,Y)F,(grad(In \)) + CX (Ind) F, (CY) 

+ CY(mA)F.(CX) — gu (CX, CY) F,(grad(In X)). (3.31) 
For X = CX, Y = CY and CY ¢€ I(C(kerF,)+) in (3.31), we get 0 = 2\?C-X(In)) 


gm(CY,CY), which implies that (C(kerF,)+)(grad(In\)) = 0. At the same time, from 
(3.31) if we take X = Y =CX and wU € T(w(kerF,)), we get 


0 = 4\?CX (In A) gu (CX, w) — 24?wU (In \)gu (CX, CX). (3.32) 
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Since is a constant on C(kerF,)+ we have 4\?C'X (In A)gu(CX,wU) = 0. Thus, by 
we get —2\?wU(In\)gu(CX,CX) = 0, which implies that (w(kerF,))(grad(In\)) = 0. 
Thus, H(grad(In A)) = 0. It can be seen from here that F' is a horizontally homothetic map. 

We say that a conformal slant Riemannian map F’ from a complex manifold (M, gaz, J) to 
a Riemannian manifold (N, gy) is {(kerF.)+ — (kerF,)}— pluriharmonic map if F satisfies 


the following equation 
(VFx)(X,V) + (VE)(JX, JV) =0 
for X €T'((kerF,)+) and V € T(kerF,) 27 B83]. 
Theorem 3.9. Let F : (M,gu,J) — (N,gn) be a conformal slant Riemannian map from 


a Kaehler manifold (M,gu,J) to a Riemannian manifold (N,gn). If F is a {(kerF,)+ — 


(ker F:,)}—pluriharmonic map, then two of the below assertions imply the third assertion, 


i- F is a horizontally homothetic map, 
ii- Fy (TpxwU + Ayu BX + AcxgU + hV xwol) = Fy (wAxwU + ChY xw0) 
and (VF,)+(CX,wV) = 0, 
iii- The vertical distribution kerF, is parallel along the horizontal distribution (ker F,)+ 


on M, 


for X €T((kerF,)+) and U €T(kerF,). 
Proof. From the definition of {(kerF,)+ — (kerF,)}—pluriharmonic map we get 
0 = (VF,)(X, 7) + (VE.)(JX, JU) 


for X € I((kerF,)+) and U € T(kerF,). Using symmetry property of second fundamental 
form of a map by (2.2), (3.12) and (3.13) we get 
M 
0 = —F(VxU)+(VF)(BX, gU) + (VF.)(wU, BX) 


+ (VF,)(CX, dU) + (VF,)(CX, wW). 


From (2.7), (2.8) and (2.10) we get 
M M 
O = AV ewer) eR Age + SIV) = ee) 
F,(Awu BX) — F,(Acx dU) + (VFx)+(CX, ww) 
+ CX(mA)F, (Ww) + 0 (In A) F. (CX) 


— gmu(CX,wU)F,(grad(In )). 
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Now, from Theorem ]3.1} , we have 
j M M M 
cos 0F,(VxU) = F,(hVxw¢dU +wAxwU + ChVxw) 
— F,(Tpxo@U + Ayu BX + Acx dU) 


te (VEL) (CXoU) 


+ CX(Ind)F.(wU) + wU (In A)F,(CX) 
— gy(CX,wv)F,(grad(In 2)) (3.33) 
for X €T((kerF,)+) and U € T'(kerF,). If (i) and (ii) are satisfied in we have 
0 =CX(In\)F,(wU) + wW (Ind) F.(CX) — gu (CX, wU)F,(grad(Ind)), 


(VFx)+(CX,wV) =0 
and 
M M 
F, (TpxwU + Ayu BX + Acx dU + hV xwdU) = Ff, (wAxwU + ChV xwV), 
M 
respectively. Then we get F.(VxU) = 0. Therefore the vertical distribution ker F,, is parallel 
along the horizontal distribution (kerF,)+ on M for X € I((kerF,)+) and U € [(kerF,). 


Suppose that (i) and (iii) are satisfied in (3.33), one can see clearly that (ii) is satisfies. 


Assume that (ii) and (iii) are satisfied in (3.33) we get 
0 = CX (IndA)F,(wW) + wU (Ina) F.(CX) 
— gmu(CX,wU)F,(grad(In )). (3.34) 


For CX € T(C(kerF,)+) in (3.34) we get 0 = \?wU (In A)gu (CX, CX), which implies that 
(w(kerF,))(grad(In\)) = 0. At the same time, from (3.34) for wU € T(w(kerF,)) we 
get 0 = CX (InA)gu(wU,wU), which implies that (C(kerF,)+) (grad(InA)) = 0. Thus, 


H(grad(In X)) = 0. It can be seen from here that F’ is a horizontally homothetic map. 


Theorem 3.10. Let F : (M,gu,J) — (N,gn) be a conformal slant Riemannian map from 
a Kaehler manifold (M,gum,J) to a Riemannian manifold (N,gn). If F is a w(kerF,)— 
pluriharmonic map, then F is a horizontally homothetic map if and only if the following 
conditions 


(VF,)+(Z,Y) + (VF,)+(CZ, CY) =0 


and 


F, (Tez BY + AcgzBY + Acy BZ) = 0 
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are satisfied for Z,Y € T(w(kerF,)). 
Proof. From the definition of w(kerF,.)— pluriharmonic map we have 


0=(VF.)(Z,Y) + (VE.)\(JZ, JY) 


for Z,Y € T(w(kerF,)). From (2.2), and we get 
0 = (VF,)(Z,Y)4+ Z0nA)F,(Y) + YUnA)F,(Z) 
M M 
— gu(Z,Y)F.(grad(In X)) — F.(VezBY) — Fi(VezBY) 
M 
— F,(VcyBZ) + (VF.)+(CY, CZ) + CZ(In\)F,(CY) 


+ CY(mA)Fi(CZ) — gu(CZ, CY)F,(grad(In \)). 


Using and we get 
0 = (VF,)1(Z,Y)+(VE,)((CY,CZ) + Z(m))F,(Y) 
+ Y(InA)F,(Z) — gu(Z,Y)F.(grad(In A)) + CZ(In A) F.(CY) 
+ CY(Ind)F.(CZ) — gu (CZ, CY)F,(grad(In d)) 


— F,(TezBY)— F.(AczBY) — F.(Acy BZ). (3.35) 
If F is a horizontally homothetic map we have from (3.35) 
0 = ZindA)F.(Y)+Y(nA)Fi(Z) — gu (Z, Y)F.(grad(In X)) 
+ CZ(Inr)F.(CY) + CY (In A)F.(CZ) — gu (CZ, CY) Fi (grad(In \)) 


for Z,Y € T(w(kerF,)). Since F’ is a horizontally homothetic map from (3.35) we obtain 
(VF) (Z, gt + (VE) (CZ, CY) = 0 and FY, (TpzBY + AogzBY + Acy BZ) = 0 for Z,Y € 
T'(w(kerF,)). Suppose that 


(VF,)+(Z,Y) + (VF,)+(CZ, CY) =0 


and F.(TpzBY + AczBY + Acy BZ) =0 in (3.35) for Z,Y € T(w(kerF,)). Thus, by (3.35) 


we get 


o 
II 


Z(InA)F.(Y) + Yn A) F(Z) — gur(Z, Y)F(grad(In 2)) 
+ CZ(InrA)F,(CY) + CY (In A) F,(CZ) 


— gm(CZ,CY)F,(grad(In X)). (3.36) 
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We know gu (Y,CY) = gu(Y,JY — BY) = gm(Y,JY) = 0. For Z = Y and CY e€ 
[(C(kerF.)+) in we get 0 = —\?2CY(InA){gu(Y,Y) — gu(CY,CY)} which im- 
plies that (C(kerF,)+)(grad(In\)) = 0. At the same time, from if we take Z = Y 
and Y € I'(w(kerF,)) we get 0 = A?Y(InA){gu(Y,Y) — gu (CY, CY)} which implies that 
(w(kerF,))(grad(In \)) = 0. Thus H(grad(In \)) = 0. It can be seen from here that F is a 
horizontally homothetic map. 

We say that a conformal slant Riemannian map F' from a complex manifold (M, gy, J) 
to a Riemannian manifold (NV, gn) is (u — w(kerF,))—pluriharmonic map if F’ satisfies the 
following equation 


(VFA)(X, Y) + (VE,)(JX, JY) =0 
for X €T(m) and Y € [(w(kerF,)). 
Theorem 3.11. Let F : (M,gu,J) — (N,gn) be a conformal slant Riemannian map 
from a Kaehler manifold (M,gu,J) to a Riemannian manifold (N,gn). If F is a (uw — 
w(kerF;.))—pluriharmonic map, then F is a horizontally homothetic map if and only if the 
following conditions 
(VEY C.Y)+(VEYOGCY)=0 
and 
F.(Ajyx BY) =0 

are satisfied for X €T(u) and Y € T(w(kerF,)). 
Proof. From the definition of (4 — w(kerF,,))— pluriharmonic map, (2.2), and 
(3.13) we have 

0 = (VF)(X,Y)+(VF)(JX, JY) 

0 = (VF,)"(X,Y)+ X0mA) RY) + Y(nd) F(X) 

— gu(X,Y)F,(grad(In \)) + (VF,)(JX, BY) + (VF.)(JX, CY). 


Since the distributions and w(kerF;,) are orthogonal to each other, we have gy(X,Y) = 0. 


So, we obtain 


o 
II 


(VFy)+ (X,Y) + X (Ind) F.(Y) + Y (in A) F(X) 
F,(Ayx BY) + (VF,)+ (JX, CY) + JX (In d)F,(CY) 


+ CY(InA)F. (JX) — gum(JX, CY)F.(grad(In \)) (a7) 
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for X € T(u) and Y € T'(w(kerF,)). Suppose that F is a horizontally homothetic map. From 
(3.37) we have 

0 = X(IndA)F.(Y) + Y(nA)F.(X) 
+ JX(nd)F,(CY) + CY (Ind) F, (FX) 
— gu(JX, CY)F,(grad(In )). (3.38) 
Since F' is a horizontally homothetic map from (3.37) we obtain F,(Ayx BY) = 0 and 
(VFx)1(X,Y) + (VF)+(JX,CY) = 0 for X € T(u) and Y € T(w(kerF,)). Suppose 
that F.(AyxBY) = 0 and (VF,)1(X,Y) + (VF,)1(JX,CY) = 0 for X © T(u) and 
Y €T(w(kerF,)) in (3.37). Using conformality of F for X € T(z) in (3.38) we get 
0 = AM{X(InA)gu(Y, X) + ¥ (mA)gu(X, X) 
+ JX(InA)gm(CY, X)+ CY (InA)gu(JX, X) 
— X(Ind)gu(JX,CY)}. (3.39) 
We know gy (CY, X) = gu (JY, X) = —gu(Y, JX) = 0, gu (JX, CY) = 0 for X € T(z) and 
Y € T(w(kerF,)) from (3.13). Then we obtain from (3.39) 7Y (In A)gu(X, X) = 0, which 
implies that w(kerF,)(grad(In \)) = 0. For X € T(u) and JX = X in (3.38) we get 
0 = dM{X(InA)gu(Y,X)+Y(nA)ga(X, X) 
+ X(Ind)gu(CY, X)+CY (InA)gu(X, X) 
— X(InA)gu(X,CY)}. (3.40) 
Since \ is a constant on w(kerF,) we have Y(In.\) = 0. We get from (3.40) 0 = \2CY (In A) 
gm(X,X) that implies (C(kerF,)+)(grad(In \)) = 0. It means is a constant on C(kerF,)+. 
Lastly for Y € T'(w(kerF,)) and JX = X in (3.38) we get 
0 = M{X(InA)gu(Y,Y)+Y(nA)gu (X,Y) 
+ X(Ind)gu(CY,Y) + CY (InA)gu(X, Y) 
— Y(mA)gu(X,CY)}. (3.41) 
We know gu(CY,Y) = gu(JY,Y) = 0 from (3.13) for Y € I'(w(kerF,)). Then we ob- 


tain from (3.41) 0 = \?X(InA)gu(Y,Y), which implies that p(grad(Ind)) = 0. Thus, 


H(grad(In X)) = 0. It can be seen from here that F’ is a horizontally homothetic map. 
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Theorem 3.12. Let F : (M,gu,J) — (N,gn) be a conformal slant Riemannian map from 
a Kaehler manifold (M,gu,J) to a Riemannian manifold (N, gn). F is a p—pluriharmonic 


map if and only if X is a constant on w(kerF;). 
Proof. From the definition of w— pluriharmonic map and (2.10), we have 


(VF.)1(X,Y) + X(InaA)F(Y) + Y(In aA) F(X) 


° 
I 


— gmu(X,Y)F,(grad(In d)) + (VF) (JX, JY) + JX (In \)F(JY) 
+ JY (IndA)F.(JX) — gu (JX, JY)F.(grad(In X)) 
for X,Y €T(u). Since gy(X,Y) = gu(JX, JY) we obtain 
0 = (VEO Y4VB) OXY) 4+ XY) 
+ Y(Ind)F.(X) + JX (In aA)F(JY) + JY (n.d) Fi (TX) 
— 29u(X,Y)F,(grad(In X)). (3.42) 
Now taking X = Y in (3.42) we get 
O = (VF,)1(X,X)+ (VF)1 (IX, JX) 
+ 2X(nA) F(X) + 2X (mA FSX) 
— 29u(X, X)F,(grad(In X)). (3.43) 
For Z € T'(w(kerF,)) in we get 


0 = gn((VFi)Y(X,X), F(Z) + gn (VF) (IX, IX), Fa(Z)) 
+ 2X (In d)gv(F.(X), Fe(Z)) + 25 (In A\)gn(Fe( IX), F.(Z)) 


29u(X, X)gn (Fs (grad(In r)), F,(Z)). 


Because of F’ is a conformal map and p is a invariant distribution we obtain 


0 = 2d{X(InA)gu(X, Z) + JX(InA)gu (JX, Z)} 
— 2)9u(X,X)gu(grad(In d), Z) 
0 = —2)Z(In\)gu(X, X). (3.44) 


From equation (3.44) we obtain Z(In A) = 0, which implies that is a constant on w(kerF,) 


for Z € T'(w(kerF;,)). The converse is clear. 
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We now give necessary and sufficient conditions for a conformal slant Riemannian map to 


be totally geodesic map. 


Theorem 3.13. Let F : (M,gu,J) — (N,gn) be a conformal slant Riemannian map from 
a Kaehler manifold (M,gu,J) to a Riemannian manifold (N,gn). Then, F is a totally 
geodesic map if and only if the following conditions are satisfied for X,Y,Z € V((kerF,)+) 
and U,V € T(kerF,.); 


M r 
i- gn (FP. (ChVywV) + Fi(wVu dV + wTywV), F.(X)) = 0, 
ii- F is a horizontally homothetic map and (VF,)+(X,Y) = 0. 


Proof. Now, from (2.2), (2.5), (3.12) and (3.13) we have 


(VF)(U,V) = F.(JTy¢V + IVu@V) 


M 
+ F,(wIywV + ChVywV). 
Because T is symmetric, we get 


(VF.)(U,V) = cos? 6F,(TyU) + F.(wVu dV) 


M 
+ F,(wIywV + ChVywV) 
which implies that 
‘ M 
sin? 0(VF,)(U, V) = F.(wVu@V) + F.(wIywV + ChVywV) (3.45) 
for U,V € T'(kerF,). Thus, we obtain from (3.45) 


sin? Ogu ((VF4)(U,V),Fe(X)) = gw(Fs(wVu dV + wTywV), F(X) 


+ gn(F(ChY yw), F.(X)) (3.46) 


for X €T((kerF,)+). (i) is satisfied in (3.46). Now, from (2.9) we get 


(VF,)(X,Y) (VE) OGY) 4AWE) OCY) 


(VF.)4(X,Y) + X(Ind\)F.(Y) + Y(In A) F(X) 


— gm(X,Y)F.(grad(In \)) (3.47) 
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for X,Y €T((kerF,)+). From (3.47) we have 


gn ((VF«)(X,Y), Fe(X)) = gw (VF) (X,Y), F(X) 
+ X(InA)gn(Fe(¥), Fe(X)) 
+ Y(nA)gn(F.(X), F(X) 
— gu(X,Y)gn(F.(grad(In d)), F.(X)) 
= Y(mA)gw(F.(X), F.(X)) 


= MY (Undo XX) 


for X € T((kerF,)+). We have 0 = AY (InA)giz(X, X) which implies Y(InX) = 0. So, 


» is a constant on (kerF,)+. F is a horizontally homothetic map and from (3.47) we get 


(VF,)+(X,Y) = 0. Therefore, (ii) is satisfied. We complete the proof. 
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